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This thesis is concerned with algebraic construction of sequences obtained from residue class Bnite 
rings and with their periodic correlation and linear complexity (LC) properties. Such sequences are of 
interest in polyphase and frequency hopping code division multiple access (CDMA) communication 
systems. The finite rings considered in this study are: 

• Residue class integer ring modulo M: 

• Residue class polynomial ring GF(p)[^] mod w(^): Ppfw(4)l, where w(^) is an n^*' degree 
ixilynornial over GP(p). 

CDMA communication systems require a large set of sequences, in which each sequence is easily 
distinguished from every other sequence in the set and from all time shifted versions of itself. The criteria 
of distinguishability of sequences depends on the type of modulation and the type of channel. Some times, 
security considerations demand the sequences to be random and to possess large LC [1]. For the 
construction of required sequences, a wide range of properties which affect the system performance have 
hecii cunsidcred in literature [2]. Since the requirements on sequences differ from problem to problem, 
npprtiai'hcs to sequences construction are specific to the problem. 

'The sequences in this thesis are viewed as polynomial mappings of trace functions of unit eleimenls 
of Galois extension rings. The periodic correlation properties (correlation values and their distribution) of 
sequences over are obtained by using an abelian association scheme on the elements of the Galois 
extension ring of Z^. For sequences over residue class polynomiaJ rings, the correlation properties have 
been obtained by utilizing the vector space structure of the {xilynomial ring and the properties of finite^ 
field m— sequences. The LC of sequences has been computed by using a finite ring version of Blahut’s 
complexity theorem for finite field case.. 



The approaeh uRe.-! •0 ohiH»n the desired sequence is sh.'wri in F’p, !, it may be ca'h-':-< rai 

approach In this appro'.ca, soq’ujriccs are constructed over a finite alphabet by using '•■cqut'ri.'p 
generation mechanism. Seqiienr.r.-: over the finite alphabet are then transformed into real (complex) '’alued 
signals by an appropri tie marnnig (f<. A familiar example of such an approach is the generation of 
pseudo-noise sequencer; using fet dback sh'-ft registers [3]; inch sequences have a wide range of applications 
and there exists a large body of literature dealing with their various aspects. 

The sequence generation mechanism is the core of the structural approach. It is dependent on the 
structure of the alphabet, and is independent of applications. Suitability of generated sequences for any 
specific application mainly depends on their properties. Hence major effort is required to determine their 
properties. Properties like period, linear complexity, and randomness (r-tuple distribution, run-length 
distribution), can be evaluated in the alphabet domain itself; such properties are calliKi primary properties 
due to their direct dependen.ie on the structure of the alphabet. However, evaluation of correlation 
properties depends on a mapping from the alphabet to a subset of the real or complex-vadned space; 
they are termed a.s secondary properties. The primary properties are better controlled because of their 
direct dependence on the seouenc** generation mechanism. Howev/r, the same is not true with the 
secondary properties, nlthruch rh.?y are more critical in practice Note that in the structural aporo^rh the 
sequence design problem is not formulUed by stating the constraints on the correlation paiameter?. -t m 
sheer 1u.-k that some of the resulting, sequences have nice properties to make th-’m useful in practicf- 

fleneralixaffo''’ s -ijiipnce alphao- t from finite fields to finite rings yields lot of flex^bilitv ir. 
choosing primary properties. Mormver. occausc of its specific properties, a finite ring structure is more 
suited to some communication systems. When a finite field is considered as the alphabet for sequence 
construction, the sixe of the alphabet is restricted to a prime or power of a prime number. Some 
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communication systems, like M-PSK modulated systems, demand alphabets of size other than a prime or 
a prime power. In such situations, a finite ring structure can provide a suitable alphabet. Also, in some 
modulation schemes which involve alphabets of size greater than two, finite rings can offer a much wider 
choice of alphabet size compared to finite fields. The period L of most of the algebraic sequences generated 
over finite fields is such that L divides V'^— 1, where V is the field cardinality and r is the degree of Galois 
field extension. This is because of the fact that the nonzero elements (units) of the degree Galois 
extension of field GF(V') constitute a cyclic group of order V'— 1; the multiplicative order of elements in 
Galois extension field determines the period. In this respect, finite rings offer more flexibility, since the 
group of units of a Galois extension ring is in general abelian. For example, for sequences over Z^, we can 
have periods 2'-l and 2(2^-l). 

Apart from the advantages cited above, residue class rings are also naturally suited for multiplexing 
operation. Decomposition of rings into internal direct sum of ideals, and the fact that the elements 
Ixiionging to different ideals annihilate each other, play an important role in such applications [6]. 

To take care of various correlation functions of practical importance, a generalized correlation 
function tetweeii a pair of sequences is defined in the thesis such that the specific correlation functions can 
lx; derived from it as s{x;c.ial cases. The definition of periodic correlation is assumed throughout the thesis. 

Let A = {ajj,aj,..,aj_j}, B = {bQ,bj,,.,bj^_j} be two sequences of period L over certain alphabet Q 

of size ] Q I . Then the cross correlation function between A and B is given by 

L-l 

Cab(^) = £ i T = 0, 1, .. ,L-1 (1) 

i=0 

where ^ is a mapping from the finite alphabet Q to an appropriate signal set which is a subset of real 
(complex) space, and f is a binary operation related to the definition of the correlation function which 
depends on the distance measure. 'Hie range of f is aiso a subset of real (complex) space. 'I’he nature of (p 
and f depends on the tyjie of modulation and the type of application where the sequences are used. The 
mapping p which links a finite ring and a signal set may be considered as an abstract modulator. Various 
correlation functions derived from Eq.(l) and considered in the thesis are binary, quaternary, and rn-ary 
inner-product correlations, Hamming and Iax: coirelations, and block inner-product correlations (a 
generalized version of inner— product correlations). 

■ For studying correlation properties of sequences, it is advantageous to define a correlation 
transform of sequences over finite rings: The correlation transform of a sequence A over a finite ring, 
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correbpunding to a correlation function characterized by the 2-tuple is defined as the zeroth 

crosscorrelation between A and the all 0 sequence S*^, given by C^go(O)- 

Generalizations of the structure of alphabet give rise to flexibility in choosing primary properties; 
the same is not true with the secondary properties. Secondary properties have to be analyzed in each case 
for the suitability of sequences in specific applications. In an attempt to ease the secondary analysis, 
notion of a sequence alphabet matched to a signal set for a correlation function is proposed. 

A finite ring M is said to be matched to a signal set for correlation represented by a tuplq/(f,^) if 
and only if 

f(«i(a), 0(b)) = f(0(a-b), 0(0)); a,b 6 ^ (2) 

where — is the subtraction in the finite ring A simple example of a matched ring is that of a binary field 
GF(2) which is matched to biphase signal set for binary inner— product correlation. In this case, the 
additive group of GF(2) is isomorphically mapped to the multiplicative group of (1,-1) under the mapping 
(p(a) -- (— 1)'‘ ; (1,-1) btung the signal set for biphase signalling. 

A detailed explanation of the motivation for taking up study of sequences over matched rings is as 
follows. Computation of correlation properties of sequences over matched rings is simplified by using 
combinatorial results concerning the correlation transform of sequences. The correlation operation of the 
signal set is isomorphic to addition in the alphabet structure and more importantly the mapping is linear. 
This allows us to make use of linearity of the ring alphabet for the computation of correlations. As a 
result, generalization of the alphabet structure from finite field to finite ring, in many situations, permits 
us to retain the advantages of linearity leading to simplicity in the analysis of sequences. Thus, while 
constructing sequences using the structural approach, it is advantageous to consider the matched ring 
•structuies. Further, sequences over matched structures may also have good properties. This belief is 
stiiuigthened by the existence of optimal sets of quadriphase sequences obtained from which is matched 
to quadriphase signal set for inner-product type correlation {4]. 

We have considered severad examples of finite residue class rings matched to different signal sets for 
various correlations. Table 1 gives residue class rings matched to signal sets for various correlations. 
Several constructions of optimal signal sets derived from matched rings are given in the thesis. 

The generalized correlation function defined by Eq.(l) depends on a pair of sequences. Some 
communication systems require correlation functions which depend on all the sequences employed in the 
system. We have considered such correlation functions, called generalized Hamming correlation functions. 
They are useful in slow frequency hopping spread spectrum systems, and are given as follows. 
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Let S‘, m = be n sequences of length L over certain <'ilphabet Q, then the generalized 

Hamming crosscorrelation function concerning sequence is given by 

L-i 

(3) 

The corresponding autocorrelation function is given by 

GAH = V gh{ S'".; , for all j } (4) 


i=0 


where gh is a function given by 


gh{ai b^.b^.-.b^} = i if a € { bj.b 2 ,...,b^ } 

= 0 otherwise. 

Equivalences of some correlation functions are also discussed in the thesis. Two correlation 
functions art: equivalent if the computation of correlation values from one type is sufficient to determine 
the correlation values from the equivalent correlation function. Familiar examples of equivalent correlation 
functions are that of binary inner-product correlation and binary Hamming correlation. The equivalence of 
correlation functions is resi>onsibie for efficient digital implementation of some binary synchronization 
schemes based on Hamming correlation [5]. However, very few correlation functions with such a property 
exist. Extending the binary field results, binary block inner-product correlation is shown to be equivalent 
to binary block Hamming correlation. 


Main Results 

Mainly local rings have been considered in the study since any generM semi-local ring can be 
expressed as a direct sum of local rings. Projierties of Galois extension rings of local finite residue class 
rings and where w^ denotes power of an irreducible ix)lynomial w(^) of degree in over 

GF(p) and n = ink, are used to generalize sequence generation procedures from their finite field 
counterparts. Galois extension rings here play a similar role as Galois extension fields in the case of finite 
fields. 'Two important Galois extension rings considered in the thesis are 

• Galois extension ring of Z^k of degree of extension r, denoted by GR(p*‘,r). 

• Galois extension ring of P”[w'‘], denoted by PGR{v'‘,r), where V represents 

XT 

the residue field P^[w] of order p*” isomorphic to GF(p'"). 

Various families of sequences derived in the thesis are classified into the following classes. 

I. Families derived from local rings. 

Families derived from semi-local rings. ^ 


H. 



I. Families derived from local rings: 

/(a) Linear Constructions 

Here the sequences in a family are closed under pointwise ring addition. The familiar trace function 
representation of sequences over finite fields is generalized. Generalized automorphisms of Galois extension 
of residue class rings are employed to define a trace function from Galois extension ring to its ground ring. 
Then for any unit element a which belongs to Galois extension ring, a family of sequences, called trace 
function sequences (or simply trace sequences) is defined. Since a local residue class ring contains a chain 
of local ideals, the family of trace sequences over a local ring aJso includes families of trace sequences over 
the ring ideals. The trace sequences over the proper ring are called zeroth level trace sequences and the 
trace sequences over ideals isomorphic to Z^/c or Pp(w^]; 1 < /t < k, are called (k— x)**’ level trace sequences. 
Thus altogether there are k level trace sequences. 

The period of a trace sequence is determined by the multiplicative order of the unit element a used 
to define the family, and hence, possible periods (L) depend upon the structure of the group of units of the 
Galois extension ring. The group of units of a Galois extension ring is in general abelian which has a cyclic 
component group G^, isomorphic to the group of units of its residue field. For example, the group of units 
of GH.{4,r), Gil {4,r) is of order 2{2‘^-l) with cyclic component group G^ of order 2^-1, which is isomorpliic 
to group of units of GF(2^), the residue field of GR(4,r). An unit element a of the cyclic component group 
is called a primitive element if its multiplicative order is same as the order of the cyclic component group. 
The family of trace sequences is called a family of m-sequences or simply family if the unit element a 
used to define the family is a primitive unit element of the Galois extension ring. The main difference 
between finite field and finite ring m-sequences is that there is only one cyclically distinct field 
ni-sequence for a primitive element a of GF(2^), whereas in the ring case there is a family of m-sequences 
eonesptnuling to an element a of the extension ring. 

Three unpurtant families of sequences derived from families have been obtained. They are 
da.s.sified depending on their properties and the area of applicability. 

1. Families of quadriphase sequences derived from ^families over Z^. 

2. Families of octa-phase sequences of period (2'’~1) from families over Zg. 

3. Families derived from families over the local ring P“[w^]. 

P 
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Faatlies of quadriphase sequences derived from ^families over 2^'. Quadriphase sequences are 
constructed from sequences over through a quadriphase mapping given by d>(&) = , where w = f'-J. 

Two important families of quadriphase sequences derived from families over are 

(a) Families of quadriphase sequences of period (2'^-l); each family consisting of (2^+1) sequences. The 
correlation transform distribution of these families is obtained by making use of the properties of an 
abelian association scheme defined over GR(4,r). The crosscorrelation values belong to the set 

{(-1), (+2‘-l + j2‘)} for r odd, r = 2t +1; j = V -1 

” < ~ i 

{(-1), (+ 2 -1), (-1 + j 2 )} for r even r = 2t, 

These families satisfy the Welch bound on The number of cyclically equivalent families are shown to 
be equal to ^(2‘^-l)/r, where ()> is the Euler’s (Ji function which is equal to the number of integers < 2^-1 and 
relatively prime to 2"^— 1. 

(b) Families of quadriphase sequences of period 2(2’^— 1); each family consisting of (2^~’^+l) sequences: 
Any group of units GR (4,r) of a Galois ring GR(4,r) is a direct product of two groups G^ and G^, where 
G is Abelian group of order 2*^, and G is the cyclic component group of order 2"^— 1. Associated with every 

Sr C 

4 * m 

eleiiieiit 7 of € GE ( 4 ,r), 7 # i, a family of sequences of period 2(2 -1) is defined as a family of trace 
sequences generated by ja, where a is a primitive element of G^. Thus for every a, there are 2'^-4 families, 
These sequences are shown to be interleaved m-~sequences of period 2^-1, and hence are called interleaved 
m-sequence families, in short JJC families. I'he correlations are computed from the correlation values of 
m-*sequences. Three classes of families are identified depending on the nature of 7. They are 

(a) families with trace(7) = 1 

(b) families with trace(7) = 0, 7 ^ 1 

(c) family 

where 7 = 1 7 2(7), 7 f mod 2, 7’ € G^, Out of the total 2^-1 families, 2^“’^ JJp families with trac€( 7 ) 
- I, are optimal and satisfy Welches bound on Eest of the 2*^"*‘^-*l familicis are sutoptimal, wherein 


^ While prepaxing the thesis, we became aware of a paper by Bogtas, Hammoni, Kumar [7] which contains »ame of the 
rcsulii described here. This paper describes two families, Family A and F«nily B. These families correspond, as per our 

classification, to ^family and family with tr(7) = L The families with tr(7) = 0' and the JJ^ family are 

additional iiib-4amilie.s among families of period 2(2^— 1). The approach taken in this thesis for studying correlation 
properties of sequences is mainly based on the Msociation schemes on GR(4,r) and the properties of GIl(4,r), whereas In 
(7j, the theory of exponentid sums is used for computing correlations. The framework used in the thesis takes care of all 
the results in [7| and appears to be more general than the one used in [7). 
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approximately equ^ to /“SIT ; L = 2(2‘'-l). The family is optimal only for the case when r is 
odd. The linear complexity of these sequences is equal to r, same as that of m-sequences. 


Families of octa-phase sequences of period (^-1) from JC families over For any primitive 
element a, family of m-«equences over Zg consists of (4''+2*’+l) sequences of period 2'’—!, which includes 
sequences over ideals < 2 > and < 4 >. Excluding the sequences over ideals < 2 > and < 4 >, there are 
proper sequences over Z . These 4^ proper sequences are divided into "f sets each consisting of ^ 
m-sequences which can be used for 8-PSK modulated CDMA communication systems. These sets satisfy 
what Massey has described as code sets satisfying Welch bound with equality [12] (Not Welch bound on 
0 ). This implies that Q , the root mean square of the inner product values between ail pairs of various 

time sliifted versions of sequences in a set F (expression for 0^^^ given below), is approximatdy equal to 
/ L , and this is the smallest value possible. 

rin» M(ML 1) X€F Y€ F r=0 

except X=:Y & r^O 

where M,L are the size and period respectively of the sequences in the set. This is precisely the appropriate 
requirement for CDMA operations where many users are operating in the system. 

Families derived from J£ sequences over the local ring Sequences over Pp{w’‘] are used to 

derive frequency hopping patterns and sequences with good block inner-product correlations. Note that 
P“[w'‘! is a matched structure for both block inner— product and Hamming correlations./ The frequency 
hupping patterns are obtained by associating with each symbol a in the ring P"[w*^], a distinct frequency f 

p a 

belonging to the frequency library. For efficient operation, it is required that mutual Hamming correlation 
between any two hopping patterns within a family should be small. A family of sequences over Pp(w'‘], 
denoted by Jf(A), is constructed, corresponding to each m-sequence S"^, A e PGR(V^,r). The number of 
sequences in J({A) is determined by the number of distinct elements of Pp[w*‘| occurring in S'^. 

By making use of J({A) families, where A e PGIl(v’‘,r) and V is the order of the residue field, 
0 < p < k, coincidence frequency patterns of size and period V"^-! are constructed. These 
frequency patterns meet Lempei and Greenberger bound on [1], which is the maximum of out ol 
phase autocorrelation values and crosscorrelation values between any two hopping patterns. The derived 
frequency patterns include familiar one-coincidence frequency patterns. 

Recently J.J. Komo and S.C. Liu [9] have described frequency hopping patterns from m— sequences 
over GF(2 ). In [9j, authors make note of a sequence over GF(2 ), wluch is constructed by grouping twc 
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binary m— sequences, sharing many properties of m-sequences and yet not an m-sequence over GF(2 ). It 
is indeed an m— sequence over and rightly not an m-sequence over GF(2^). Our approach 

characterizes all such obtainable sequences by appropriately grouping m-sequences over finite fields. The 
weight distribution of m-sequences over Pp[w*‘] is also given. 

In addition to above results, we also derive a subset of m-sequences over Pp[w''] having only two 
level block inner-product autocorrelation; out of phase auto correlation value being — n. 

/(b) Hon-linear Constructions (Sequences with Controllable Linear Complexity families of 
sequences derived under this heading are nonlinear in the sense that the sequences in a family are not 
closed under pointwise addition. The linear complexity (LC) of a sequence is the shortest length linear 
feedback shift register which generates the sequence. Even though nonlinear property hinders the 
evaluation of correlation parameters, sequences possessing this property are essential in certain 
environments. In spread spectrum communication systems, apart from the good correlation properties it is 
desirable to have sequences with large LC. 

Evaluation of LC of finite field sequences is greatly facilitated by using Blahut’s theorem which 
says that the LC of a sequence is equal to the number of non-zero terms in the discrete Fourier transform 
representation of the sequence [10]. An extension of Blahut’s theorem for the case of sequences over rings is 
stated and has been made use of for the computation of LC of sequences over finite rings. 

The important results obtained are classified into the following two categories. 

1. Generalized Polynomial Sequences 

2 Sequences Obtained From Mappings from a Ring to its Ideals 
Centralized Polynomial Sequences'. A generalization of a complexity enhancement procedure for finite 
field m-sequences [8] to sequences over residue class rings is presented. This is an extension of the case of 
polynomial se<iuences over finite fields. The scheme makes use of generalized permutation polynomials over 
appropriate Galois extension rings. Two generalizations of permutation monomials over GR(4,r) are 
obtained from permutation monomials over GF(2^). These give rise to two families of generalized GMW 
(GGMVV) sequences over of period 2“^“— 1, where u is a positive integer. The size of the GGMW family 
is 2'^‘^+l , and the sequence over the ideal <0,2> is isomorphic to binary GMW sequence. 

The LC of GGMW sequences is computed and shown to be in the range. 

{ rlu""-') ,) (7) 

( 2 - 1 ) 
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where H(b) is the number of ones present in the binary representation of b; 0 < b < 2^— i. Correlation 
properties of these families satisfy Welch bound on inner-products with equality, which implies that the 
0 , of sequences of period L is approximately equal to •/TT”. However, Q deviates from optimal value 
of /T "; computer results suggest that the frequency of deviation is not large. 

A similar procedure for LC enhancement for sequences over P 2 [w ] is also considered and a 
generalized family of GGMW sequences of period 2‘^“— i is obtained. By using a subset of GGMW 
sequences, families of optimal frequency hopping sequences are constructed. The LC of these sequences is 
shown to be equal to r(u^^^^^), where H(b) is as defined in (7). The families satisfy Lempel and 
Greenberger bound on [1]. The generalized polynomial families satisfy generalized r— tuple 

distribution. 

Sequences Obtained From Mappings from a ling to its Ideals: Sometimes, mappings from a ring to its 
ideals yield useful families of sequences. We consider a nonlinear polynomial ( mapping from to 
its ideal < 2 >, given by if{x) = x ~ x. This mapping results in sequences over the ideal < 2 > which are 
structurally different from the sequences over Z^. The ideal < 2 > is isomorphic to the binary field and the 
quadriphase mapping (p on the sequences over ideal results in biphase sequences. The quadriphase families 
derived in the thesis are used for constructing biphase sequences. Following two families of biphase 
sequences are derived from families. 

1. Families of biphase sequences of period (2"^— 1) derived from families over Z^; each family 
consisting of (2'^+ 1) sequences. 

2. Families of biphase sequences of period 2(2'^— 1) derived from JLiiffamilies over Z^. 

A method given in (llj for computing correlation properties of biphase sequences derived from quadriphase 
sequences is used to compute correlation properties of the biphase families of sequences. Most of the 
families satisfy bidelnikov bound (0 < ^fYTT) and Welch bound {0 < on correlations. The 

LG of the sequencts is computed and is shown to be quadratic in r, where r is the degree of extension ring 
used to construct the sequences. 

II. Families derived from the representation of semi-Iocai rings 

Families derived under this heading are useful in slow frequency hopping spread spectrum (SFHSS) 
systems. In SFHSS systems, one or more symbols are transmitted within one frequency hop (slot) and a hit 
would mean total loss of data transmitted in that hop. Thus, apart from minimizing the mutual Hamming 
correlation between patterns, hits resulting from presence of all the sequences in the system should be 
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minimized. This implies that sequences should have good generalized Hamming correlation properties (Eqs 
(3) k (4)). By utilizing properties of orthogonal ideals of polynomial residue class ring, and families 
derived over local rings, we construct families of sequences over semi-locaJ rings having ideal GHCC 
(crosscorrelation function is equal to zero for all values of r.). The construction is mainly based on the 
internal direct sum representation of the ring Pp[w(^)]. Following new families are derived. 

1. A family of p"^ sequences of period L = p“^ 1 over Pp[w(^)], where n = n^^ + n^, by using a 
sequence over Ppi[Wj(^)j of period p"*— 1, where Wj(^) is an irreducible factor (of degree n^) of 
w(^). These sequences satisfy ideal GHCC properties. 

2. A family of p p"^ sequences of period L = p*'*— i over Pp[w], n = n^ + n^, by using ^ 

each r>f nPriciH r>"!- 

sequence in the family are given by 

GHAC (t ,r„,..,T ,r , ,, .,T ) 

m' 1’ 2’ ’ m— 1’ m+1’ ’ n' 

< p-1 Otherwise. 


one— coincidence sequences over Ppi[w,(^)] each of period p"*— 1. The GHCC and GHAC for any 


< p“ ^ for Tj = 0 


GHCCjr^.r^ rj 


< /i-1 for all T. ^ r.. 

“ ^ 1 ' j 


A code generation scheme, based on the direct snrn decomf)osition of semi-local rings, for slow 
hopping multiple access communication systems is given where different users can have different frequency 
diversity. 
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Chapter 1 


Introduction 

This thesis is concerned with algebraic construction of sequences obtained from residue class finite 

rings and with their periodic correlation and linear complexity (LC) properties. Such sequences are of 

interest in polyphase and frequency hopping code division multiple access (CDMA) communication 

systems. The finite rings considered in this study are; 

k 

• Residue class integer ring modulo 2 : k being a positive integer. 

• Residue class polynomial ring GF(p)[^] mod w(^): Pp[w(^)], where w(^) is an n^^ degree 
polynomial over GF(p). 

CDMA communication systems require a large set of sequences, in which each sequence is easily 
distinguished from every other sequence in the set and from all time shifted versions of itself. The criteria 
of distinguishability of sequences depends on the type of modulation and the type of channel. Different 
types of autocorrelation and crosscorrelation functions are defined to meet these requirements in practice 
[1—4]. For instance, in biphase modulated communication systems, low inner-product correlations of 
sequences helps in distinguishing sequences at the receiver. Some times, secrecy considerations demand the 
sequences to be random and to possess large LC [5]. For the construction of required sequences, a wide 
range of properties which affect the system performance have been considered in literature [6—14]. Since 
the requirements on sequences differ from problem to problem, approaches to sequence constructions are 
specific to the problem. The approaches employed to obtain desired sequences in the literature may be 

classified into the following two categories. 

a) Structural approach. 

b) Heuristic search approach. 

In the structural approach, method of sequence generation is implicit and the properties of sequences are 
evaluated by making use of results in discrete mathematics. Use of such sequences in practice depends on 
the properties these sequences possess. In contrast to this, in heuristic search approach, specific 
requirements on the sequences are formulated first and efficient algorithms (search methods) are employed 
to find them [15-18]. Finally, symmetries and structures present in the sequences are to be analyzed for 
their implementation. Former approach relies on the rich mathematics of algebra and geometry where as 
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the later depends on the available computing power. In the structural approach, evaluation of the 
properties is the main challenge, where as in the heuristic search approach, determination of the symmetry 
and the method of generation is the prime task. Heuristic search methods are employed mainly to find 
short sequences with minimum autocorrelation side lobes. When large number of long sequences are 
required having good mutual crosscorrelation and autocorrelation properties, search methods are often 
time consuming and difficult to execute. In such situations, structural approach is followed and this 
approach has yielded many useful results. Search techniques are employed mainly in situations where 
single sequence is used in the system like radar and sonar applications, estimation of impulse response of a 
channel. Whereas, structural methodology has been employed in varieties of applications like CDMA 
communication systems, spread spectrum systems, multiplexing systems, radar pulse compression, system 
identification. The approach used in this thesis falls in the category of structural approach for construction 
of sequences over finite residue class rings, and is discussed in Section 1.1. 

The sequences in this thesis are viewed as polynomial mappings of trace functions of unit elemects 
of Galois extension rings. The periodic correlation properties (correlation values and their distribution) of 
sequences over are obtained by using an Abelian association scheme on the elements of the Galois 
extension ring of Z^. For sequences over Zg, the correlation properties are computed by making use of 
Galois extension ring of Zg. The correlation properties of sequences over residue class polynomial rings 
have been obtained by utilizing the vector space structure of the polynomial ring and the properties of 
finite field m— sequences. The LC of sequences has been computed by using a finite ring version of Blahut’s 
complexity theorem for finite field case. 

i.l Structural Approach for Construction of Sequences over Finite Rings 

The structural approach used to obtain the desired sequences is shown in Fig 1.1. In this approach, 
sequences are constructed over a finite alphabet by using a sequence generation mechanism. The finite 
alphabet is transformed into a subset of real (or complex) space through an appropriate mapping 0. This 
subset of real (or complex) space is referred to as a signal set associated with the finite alphabet. Through 
the mapping 0, the sequences over the finite alphabet are transformed into real (complex) valued signals. 
A familiar example of such an approach is the generation of biphase pseudo— noise sequences using feedback 
shift registers [19-20], where the finite alphabet is binary field GF(2), the signal set is {1,-1}, mapping 0 
is given by 0(a) = (-1)^ and the sequence generation mechanism uses feedback shift registers. Such 
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Fig 1.1.1 Structural Approach for Construction of Sequences 


sequences have a wide range of applications and there exists a large body of literature dealing with their 
various aspects. 

The sequence generation mechanism is the core of the structural approach. It is dependent on the 
structure of the alphabet, and is independent of applications. Suitability of generated sequences for any 
specific application mainly depends on their properties. Hence major effort is required to determine their 
properties. In the past, various innovative mathematical tools have been used to compute the properties 
[21—24]. Properties like period, linear complexity, and randomness (r-tuple distribution, run-length 
distribution), can be evaluated in the alphabet domain itself; such properties are called primary properties 
due to their direct dependence on the structure of the alphabet. However, evaluation of correlation 
properties depends on a mapping <t> from the alphabet to a signal set; they are termed as secondary 
properties. The primary properties are better controlled because of their direct dependence on the sequence 
generation mechanism. However, the same is not true with the secondary properties, although they are 
more critical in practice. Note that in the structural approach, the sequence design problem is not 
formulated by stating the constraints on the correlation parameters; it is sheer luck that some of the 
resulting sequences have nice propertie.g to make them useful in practice. . 

The structural approach is classified into algebraic or geometric depending on the nature of the 
sequence generation mechanism. The algebraic approach makes use of the algebraic structure of the 
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alphabet for sequence generation, whereas in the geometric approach the theory of finite geometry is made 
use of for construction of sequences. In both approaches, evaluation of primary and secondary properties 
uses similar analytical tools. 

This study is on the lines of the algebraic approach to sequence construction. Most of the existing 
algebraic sequence generation methods in the literature assume that the sequence alphabet is a finite field. 
This restricts the alphabet size and the sequence generation mechanism. Finite rings, which are a natural 
generalization of finite fields, have rich structural properties which can be utilized for sequence generation. 
In this thesis, the scope of the algebraic sequence construction theory is enlarged by considering residue 
class finite rings as the sequence alphabet. 

The generalization of sequence alphabet from finite fields to residue class rings yields lot of 
flexibility in choosing primary properties. Moreover, because of its specific properties, a finite ring 
structure is more suited to some communication systems. Some of the factors which favours the study of 
sequences over rings are given below. 

Size constraint: When a finite field is considered as the alphabet for sequence construction, the size of the 
finite field is rtistricted to a prime or power of a prime number. Some communication systems, like 
M--PSK modulated systems, demand alphabet of size other than prime or a prime power. In such cases, a 
finite ring structure can provide a suitable alphabet. Also, in some modulation schemes which involve large 
alphabets of size greater than two, finite rings can offer a much wider choice of alphabet size compared to 
finite fields. 

Flexibility in period length: The period L of most of the algebraic sequences generated over finite fields is 
such that L divides 1, where V is the field cardinality and r is the degree of Galois field extension. This 
is because of the fact that the non-zero elements (units) of the r*^ degree Galois extension field GF(V*^) 
constitute a cyclic group of order V'^-1; the multiplicative order of elements in Galois extension field 
determines the period. In this respect finite rings offer more flexibility, since the group of units of Galois 
extension rings is in general Abelian. For example, for sequences over Z^, we can have periods 2'"-! and 
2(2"-l). 

Apart from the advantages cited above, residue class rings are naturally suited for multiplexing 
operation. Decomposition of rings into internal direct sum of ideals and the fact that the elements 
belonging to different ideals annihilate each other play an important role in such applications [25]. Using 
the decomposition of the ring Pp[w(^)], a multiplexing scheme on XOR channel is considered by Hari Bhat 
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[25], Nishikado et. al. [26] also have considered a similar scheme using cyclic codes over GF(2). These 
multiplexing schemes are some variants of time division multiplexing, where the message from each source 
can be multiplexed without being specifically assigned to a particular time slot. In essence, the information 
due to any source is spread throughout the time slots available. This inherent spreading follows from the 
structure of the ring. Based on such properties, a spread spectrum system is proposed in [25]. 

Generalizations of the structure of alphabet give rise to flexibility in choosing primary properties; 
the same is not true with the secondary properties (correlation properties). Secondary properties have to 
be analyzed in each case for the suitability of sequences in specific applications. In an attempt to ease the 
secondary analysis, notion of a sequence alphabet matched to a signal set for a correlation function is 
proposed. 




1 .2 Finite Rings Matched to Signal Sets for Correlation 

The correlation functions are used in many communication systems primarily as a means of 
measuring the distinguishabilty of sequences. The type of autocorrelation and crosscorrelation functions to 
be used mainly depends upon the application where the sequences are used, modulation, and the 
environment like the typo of the channel. Many commonly used correlation functions involve some 
distance measure in the space of signals where they are used. To take care of various correlation functions 
of practical importance, a generalized correlation function between a pair of sequences is defined in the 
thesis such that the specific correlation functions can be derived from it as special cases. The definition of 
periodic correlation is assumed throughout the thesis. 

Let A = {ap,a^,..,aj__j}, B = {bg,bj,..,bj^_j} be two sequences of period L over certain alphabet ^ 

of size I I . Then the crosscorrelation function C^g(r) between A and B is given by 

L-l 

= 2] mod l)} ! 

i=0 

where (p is a. mapping from the finite alphabet ^ to an appropriate signal set which is a subset of real 
(complex) space, and f is a binary operation related to the definition of the correlation function which 
depends on the distance measure. The range of f is also a subset of real (complex) space. The nature of ij> 
and f depends on the type of modulation and the type of application where the sequences are used. The 
mapping p which links a finite ring to a signal set may be considered as an abstract modulator. Various 
correlation functions derived from (1.2.1) and considered in the thesis are binary, quaternary, and m-ary 
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inner-product correlations, Hamming and Lee correlations, and block inner-product correlations (a 
generalized version of inner— product correlations); they are given along with their corresponding distance 
measures in Table 2.1.1. 

Using the generalized correlation function defined above, we introduce the notion of a finite ring 
matched to a signal set for a given correlation function as follows: 

Definition 1.2.1: A finite ring Mis said to be matched to a signal set for correlation represented by a tuple 
(f,?i) if Hiiiiiiri'ttfjiirtf 

{{<!){&), (p{h)) = f(fli(a-b ),'^(0)), for any a,b 6 M, (1.2.2) 

where — denotes the subtraction in the finite ring 9L 

A simple example of a matched ring is that of a binary field GF(2) which is matched to biphase 
signal set for binary inner— product correlations. In this case,the additive group of GF(2) is isomorphically 
mapped to the multiplicative group of (1,-1) under the mapping i^, (^(a) = (—1)*; (1,-1) being the signal 
set for biphase signaling. 

Some variants of the above concept have been previously considered in the literature in the context 
of channel coding [27—28]. In these variants, the main idea is to exploit the linearity property of the 
alphabet domain. Recently, Loeliger [28] has considered signal sets matched to groups. He has proved that 
Zj^ is matched to M-PSK signal set. 

The main motivation for taking up study of sequences over matched rings is that the computation 
of correlation properties of sequences over matched rings is greatly simplified by using combinatorial 
results concerning the correlation transform of sequences, defined below. 

Definition 1.2.2: The correlation transform of a sequence A over a finite ring, corresponding to a 
correlation function characterized by the 2-tuple (f,^), is defined as the zeroth crosscorrelation between A 
and the all 0 sequence given by 

L-l 

= C^go(O) = T = 0, 1, .. .L-l. (1.2.3). 

i=0 

The correlation operation of the signal set is isomorphic to addition in the alphabet structure and more 
importantly the mapping is linear. This allows us to make use of the linearity of the ring alphabet for the 
computation of correlations. As a result, generalization of the alphabet structure from finite field to finite 
ring, in many situations, permits us to retain the advantages of linearity leading to simplicity in the 
analysis of sequences. Thus, while constructing sequences using the structural approach, it is advantageous 
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to consider matched ring structures. Further, sequences over matched structures may also have good 
properties. This belief is strengthened by the existence of optimal sets of quadriphase sequences obtained 
from which is matched to quadriphase signal set for inner— product correlation [29—33]. 

The motivation for study of sequences over matched rings is well illustrated through an example of 
quadriphase sequence construction using a finite ring Z^. Most of the constructions of quadriphase 
sequences in the literature are derived either with the assumption that the sequence alphabet is a finite 
field (GF(q)) or based upon the properties of the multiplicative characters of GF(q) [3]. Moreover, their 
correlation properties are nowhere near optimal. According to the Welch’s lower bound, for a collection of 
L complex— valued sequences of period L, (the maximum magnitude of periodic crosscorrelation and 
out-of-phase autocorrelation) cannot be less than a quantity that is approximately •f'TT [34]. If the 
alphabet is binary, Sidelnikov has shown that must always exceed (2L —2)^^^ ^ ^ 2L [35] 

(Sidelnikov bound). While examples of optimal biphase sequences derived from finite fields are found in 
literature, finite field constructions of optimal quadriphase constructions do not exist. The 0^^ results of 
the quadriphase constructions given in [3] lie faraway from the Welch’s bound. These results do not 
compare well even with binary sequences 1 /njIT"). This gives an impression that finite fields do 

not constitute a suitable structure for quadriphase signal design. It may be noted that finite fields are not 
matched to QPSK inner— product correlations. However, Z^ is a matched ring for quadriphase signal 

design. To illustrate this point more clearly, let us consider QPSK inner— product correlation function. In 

, 1 . 

this case is a mapping from a sequence alphabet to the set of root of unity and is given by 

j2ira' 

<p ; ^ > („/ (Complex field ), (p{z,) = exp(— y-), (1-2-4) 

where a’ = ^’(a); (p’: A > Z^ being another mapping from to Z^, and f is a binary correlation 

operation defined by f(u,v) = uv’^; * represents complex conjugation. When the sequence alphabet is a 
finite field, correlation computation of the generated quadriphase sequences depends not only on the finite 
field but also on the mapping <p' which maps the finite field to Z^. In most of the cases is a non-linear 
function, ie., <p’(a(+)jb) ^ <^’(a)(+) 2 ^’(b), where (+)jand (+)2 denote addition operations in the alphabets 
A and Z^ respectively. This makes the correlation computation very tedious. When j j is a power of a 
prime with exponent greater than 1, the mapping <p’ is never linear, since additive structure of the finite 
field with I A | elements is not always isomorphic to that of Z^. As a result, the sequences are generated in 
one domain (in this case finite field) and the properties are evaluated based on the mapped sequences over 
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some other domain (Z^). This may be a possible reason for the nonexistence of optimal quadriphase 
constructions derived from finite fields. When the finite residue class ring is chosen for sequence 
alphabet, which is matched to QPSK signal for correlation, in (1.2.4) is identity and f becomes 
{(<p(a),^(b)) = ^(a.-b), where (-b) is the additive inverse of b in Z^. This linear property of <p is 
responsible for the simplification in evaluation of the correlation function. Also from (1.2.2), it is clear that 
the existence of quadriphase sequences with good correlation properties necessarily implies the existence of 
good Z^ sequences. Hence Z^ is an appropriate structure for quadriphase sequence construction. The only 
finite field where is identity mapping is when | is a prime integer; GF(2) is one such example which 
is an appropriate alphabet for biphase constructions. In general, a suitable sequence alphabet used in 
M-PSK modulated systems is the residue class integer ring Z^^ , wherein the additive structure of Zj^ is 
isomorphic to the multiplicative structure of roots of unity. This indicates a close relationship 
between the mapping considered in the correlation definition and the sequence alphabet. Thus, 
investigation of sequences over matched structures is worthwhile. Comparison of main features of sequence 
constructions over the ring and the finite field GF(2 ) are given in Table 1.2.1. 

The mapping tp provides a link between a finite ring and a signal set, and it may be considered as 
an abstract modulator. Most of the practical situations demand sequences to be periodic and the signal 
alphabet can be assumed to be closed under cyclic shifts. So essentially cyclic modules over finite rings an 
of interest in this context. We have considered several examples of finite residue rings matched to differen 
signal sets for various correlations. Table 2.2.1 gives different examples of residue rings matched to signa 
sets for various correlations. 

From the arguments in the preceding paragraphs, it is seen that finite rings, as alphabets fo 
sequence constructions, provide a much wider choice compared to the finite fields with respect to th 
choice of length, characteristic, and the appropriateness to correlation. 

The generalized correlation function defined by (1.2.1) depends on a pair of sequences. Som 
communication practices demand correlation function which depends on all the sequences employed in tli 
system. We have considered such correlation functions, called generalized Hamming correlation function! 
They are useful in slow frequency hopping multiple access communication systems. They are given a 
follows. 

Let S‘, m = l,.,n, be n sequences of length L over certain alphabet Q, then the generalize 
Hamming crosscorrelation function concerning m^^ sequence is given by 
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L — 1 

gh{ S”; S\^^, for all j f m). 

The corresponding autocorrelation function is given by 

GAH = V gh{ S”; , for aU j } 

i=0 j 

where gh is a function given by 

gh{a; bj.b^.-.bJ = 1 if a 6 { b^.bj.-.b^ } 


(1.2.5) 


( 1 . 2 . 6 ) 


= 0 other wise. 

Equivalences of some correlation functions are also discussed in the thesis. Two correlation 
functions are equivalent if the computation of correlation values from one type is sufficient to determine 
the correlation values from the equivalent correlation function. Familiar examples of equivalent correlation 
functions are that of binary inner— product correlation and binary Hamming correlation. The equivalence of 
correlation functions is responsible for efficient digital implementation of some binary synchronization 
schemes based on Hamming correlation [30]. However, very few correlation functions with such a property 
exist. Extending the binary field results, binary block inner— product correlation is shown to be equivalent 
to binary block Hamming correlation. 


Table 1.2.1: 

Comparison Between and GF(2^) Alphabets for Quadriphase Sequence Design 


Possible Features 

^4 

GF(2^) 

Algebraic sequences with 



a. period 2'^-l 

Yes 

Yes 

b. period 4'-l 

Yes 

Yes 

c. period 2(2'^—!) 

Yes 

No 

Matched ring for quadriphase correlation 

Yes 

No 

Characteristic = 2 

Yes 

Yes 

= 4 

Yes 

No 

Examples of families 

Yes 

No 

satisfying the Welch bound on 6 


(Not Reported) 
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1.3 Main Results 

Mainly local rings have been considered in the study since any general semi-local ring can be 
expressed as a direct sum of local rings. Properties of Galois extension rings of local finite residue class 
rings Z2)t and Pp[w^], where denotes k'’“ power of an irreducible polynomial vr{^) of degree m over 
GF(p) and n = mk, are used to generalize sequence generation procedures from their finite field 
counterparts. Galois extension rings here play a role similar to those of Galois extension fields in the case 

of finite fields. Two important Galois extension rings considered in the thesis are 

k 

• Galois extension ring of of degree of extension r, denoted by GR(2 ,r). It is a set of polynomials 
over of degree less than or equal to r—i; ring addition and multiplication are given by 
polynomial addition and multiplication modulo basic monic irreducible polynomial over of 
degree r. 

• Gdois extension ring of P”[w^], denoted by PGR(V^,r), where V represents the residue field P™[w] 
of order p”^ isomorpliic to GF(p^^^). PGR(V^,r) is a set of all polynomials of degree less than or 
equal to r over P^(w^]; ring addition and multiplication are polynomial addition and multiplications 
modulo basic monic irreducible polynomial of degree r over P^fw^]. 

Various families of sequences derived in the thesis are dassified into the following classes. 

I. Families derived from local rings. 

II. Families derived from semi-local rings. 

I. Families derived from local rings 

1(a) Linear Constructions: 

Here the sequences in a family are closed under pointwise ring addition. The familiar trace function 
repre.st!niation of sequences over finite fields is generalized. Generalized automorphisms of Galois extension 
of residue class rings are employed to define a trace function from Galois extension ring to its ground ring. 
Then for any unit element a which belongs to Galois extension ring, a family of sequences called trace 
function sequences (or simply trace sequences) is defined. The sequences in a family are generated as the 
trace of successive powers a; the multiplicative order of a determines the period of the sequences. The 
trace sequences are of the form: 

’ {tr(AQ‘), i = e Galois extension ring, L: multiplicative order a}. 

Since a local residue ring contains a chain of local ideals, the family of trace sequences over a local ring 
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also includes families of trace sequences over the ring ideals. The trace sequences over the proper ring are 
called as zeroth level sequences and the sequences over ideals isomorphic to Z /c or 1 < /c < k, are 

I p 

denoted as (k— level sequences. Thus, altogether there are k level sequences. 

The period of a trace sequence is determined by the multiplicative order of the unit element a used 
to define the family, and hence possible periods (L) depend upon the structure of the group of units of the 
appropriate Galois extension ring. In case of finite fields, the group of units of GF(V') is a cyclic group of 
order V'^-1 and thus period L of trace sequences over GF(V) is such that L divides V^— 1. The group of 
units of a Galois extension ring is, in general. Abelian which has a cyclic component group isomorphic 
to the group of units of its residue field. For example, the group of units of GR(4,r), GR (4,r) is of order 
2(2^— 1) with cyclic component group G^ of order 2^—1, which is isomorphic to group of units of GF(2'^), the 
residue field of GR(4,r). Thus, period L of trace sequences over is such that L divides 2(2'— 1). An unit 
element a of the cyclic component group is called a primitive element if its multiplicative order is same as 
the order of the cyclic component group. The family of trace sequences is called a family of m-sequences or 
simply family if the unit element a used to define the family is a primitive unit element of the Galois 
extension ring. 

Remark 1.3.1 : (Comment on the use of name ’maximal length’ for m— sequences over the residue class 
rings): The nomenclature ‘maximal length’ is appropriate in case of sequences over a finite field, because 
the length of any finite field m— sequence is the largest length possible for any sequence generated by a 
r-4ength feedback shift register. This implies that there exists a nonsingular matrix A, such that the set of 
operations on x, A“(x); x € V^j., n € span all the elements of V^j., where is the set of of r— tuples 
over GF(q). Equivalently, there exits only one non— trivial equivalence class of size q'— 1 induced by the 
linear transformation operation. Analogously, one would expect the length of m-sequences over a residue 
class ring, ^ of order V*' to be V'-l, where V is the order of residue field. But there is no equivalence 
class of size V'-l induced by the linear transformation operation on the set of r— tuples of 5^(37-38]. Thus, 
here maximal length only means that the ring m— sequences attain maximal length corresponding to its 
residue field. It is in this sense that the name of m-sequence families is coined. The main difference 
between field and ring m— sequences is that there is only one cyclically distinct finite field m-«equence for 
a primitive element a of GF(V'), whereas in the ring case there is a family of m-sequences corresponding 
to an element a of the extension ring. Differences in parameters of for m-sequences over Z^ and Z^ are 
given in Table 1.3.1. 
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Remark 1.3.2: Various characterizations of m-sequences over finite field are fairly well known. The same, 
however, is not true in case of rings and the results are scant. We have followed trace function 
representation for defining families over residue class rings. Alternative characterizations of ^family 
are: 

(1) It is a class of sequences generated by a linear feedback shift register (LFSR) of length r with a 
connection polynomial given by the minimal polynomial of a primitive unit element a. 

(2) It is a set of cyclically distinct codewords in a minimal cyclic code over M with parameters block 
length V^— 1 and dimension r 

(3) It is a set of vectors over ^ of length V'^-l of dimension r with non-zero spectral coefficients in one 
conjugacy class corresponding to a primitive unit element a. 

The above characterizations of families over SI follow directly from the generalizations of their finite 
field counterparts. First characterization comes from the theory of linear recurring sequences over 52. 
Second and third are consequences of the theory of cyclic codes over Si in time domain and transform 
domain respectively [39]. 

Three important families of sequences derived from JC families have been obtained. They are 
dassified depending on their properties and the area of applicability. 

1. Families of quadriphase sequences derived from families over Z^. 

2. Families of octa— phase sequences of period (2*^-1) from ./^families over Zg. 

3. Families derived from Jiffamilies over the local ring Pp[w'‘]. 


Table 1.3.1 Some Parameters of m-sequences over and Z^ 


Properties 

^2 

^4 

Period 

(2’^-l) 

(2'-l) 

No of distinct cyclically 
equivalent sequences for 

1 

(2^+1) 

a given generating 



element a. 



Total number of sequences 

E(r) 

(2"-l)E(r) 


E(r) = (j)(2'^— l)/r; (()(n) : Euler’s (j) function. 
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Families of quadriphase sequences derived from Ji families over Quadriphase sequences are 
constructed from sequences over through a quadriphase mapping given by ^(a) = of’, where w = f -1. 
Periodic correlation properties (correlation values and their distribution) of the quadriphase sequences are 
obtained in terms of their correlation transform distributions by using the properties of an Abelian 
association scheme on the elements of GR(4,r). Two important families of quadriphase sequences derived 

from families over Z. are 

4 

(a) Families of quadriphase sequences of period (2*^—1); each family consisting of (2“^+l) sequences. The 
correlation transform distribution of these families is obtained by making use of the properties of an 
Abelian association scheme defined over GR{4,r). The crosscorrelation values belong to the set 

{( — 1), ("h 2 — 1 + j 2 )} for r odd, r = 2t +1: j = •f 1 

{(-!)> (t 2^ -1), (-1 + j 2*)} for r even r = 2t. 

Note that the modulus square of the correlation value, | 1 is approximately equal to the length of the 

sequences. The J( family thus satisfies the Welch bound on For each primitive a, a family of 

m-sequences, can be constructed. The number of cyclically equivalent families are shown to be equal 
to where <() is the Euler’s (j) function which is equal to the number of integers < 2"^— 1 and 

relatively prime to 2‘^-l. 

(b) Families of quadriphase sequences of period 2(2 —1); each family consisting of (2 +1) sequences: 

Any group of units GR (4,r) of a Galois ring GR(4,r) is a direct product of two groups G^ and G^, where 
G is Abelian group of order 2"^, and G is the cyclic component group of order 2"^— 1. Associated with every 
element 7 of G^ € GR*(4,r), 'y f 1, s. family of sequences of period 2(2’^—!) is defined as a family of trace 
sequences generated by 7a, where a is a primitive element of G^. Thus for every a, there are 2*^-1 families. 
These sequences are shown to be interleaved m— sequences (irn-sequences) of period 2(2'^—!), and hence are 
called interleaved m-sequence families, i^short families. Let 7 = 1+27’ = I+27 ; where 7=7’ mod 2, 
7’eG^. Three families of m-sequences are identified depending on the specific nature of 7. These are 

1. Families with trace(7) = 1 

2. Families with trace(7) = 0, 7# 1 

3. A family {jJ) 

Correlation values of these sequences are computed from the correlation values of m— sequences. Among 
2’^-l families, 2'^”'' families trace(7) = 1, are optimal, and satisfy Welch’s bound on 0 . Rest of the 

2“^”^-! families are suboptimal, wherein is approximately equal to /' 2t ; L = 2(2’^—!). The family 
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is optimal only for the csise when r is odd. The linear complexity of these sequences is same as that of 
m-sequences i.e. r. The new quadriphase families derived in this thesis are given in the Table 3.5.4. 

Sole [31] was first to construct a family of (2'^+l) m-sequences of period 2^-1 over Z^. He also 
determined the correlation properties for m-sequences with period 2’^— 1 (r: an odd integer) by making use 
of an Abelian association scheme given by Liebler and Mena [40]. On t^ similar lines we have given a 
closed form correlation expression for even values of r [30]. Boztas and Kumar [32] have also given the 
same set of sequences. However, their proof of correlation values is based on the theory of exponential 
sums. Enumeration of correlation properties of m-sequences over field or ring using association schemes is 
a novel concept and very interesting. 

While preparing the thesis, we became aware of a paper by Boztas, Hammons, Kumar [33] which 
contains extension of their earlier results on m-sequences in [32]. The paper [33] describes two families; 
Family A and Family B. These families correspond, in our classification, to m-sequence family and an 
Im-sequence family = 1). The families = 0) and are additional 

sub-families among X<^-6equence family of period 2(2'^— 1). Moreover, the approach taken in this thesis is 
mainly based on the association schemes on GR(4,r) and the properties of GR(4,r); whereas in [33], the 
theory of exponential sums is used for computing correlations. The Galois ring framework used in the 
thesis takes care of all the results in [33] and appears to be more general than the one used in [33]. 


Families of octaphase sequences of period (f-1) from JL families over For any primitive 
element a, family of m-sequences over Zg consists of (4^+2'^+l) sequences of period 2*^— 1, which includes 
sequences over ideals < 2 > and < 4 >. Excluding the sequences over ideals < 2 > and < 4 >, there are 4“^ 
proper sequences over Zg. These 4^ proper sequences are divided into 2^ sets each consisting of 2^ 
m-sequences which can be used for 8— PSK modulated CDMA communication systems. These sets satisfy 
what Massey has described as code sets satisfying Welch bound with equality [41] (Not Welch bound on 
implies that 0^, the root mean square of the inner— product values between all pairs of 


various time shifted versions of sequences in a family F (expression for 0^^ given below), is approximately 
equal to / L , L being the period of the sequences, and this is the smallest value possible. 


0 

rms 
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L~1 

S 

r=0 



except X=Y & r^O 
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where M is the number of sequences in F. This is precisely the appropriate requirement for CDMA 
operations where many users are operating in the system. 

Emilies derived from sequences over the local ring Sequences over Pp[w*'3 are used to 

derive frequency hopping patterns and sequences with good block inner-product correlations. Note that 
P“[w^] is a matched structure for both block inner— product and Hamming correlations. The frequency 
hopping patterns are obtained by associating with each symbol a in the ring Pp[w-'‘], a distinct frequency 
belonging to the frequency library. For efficient operation, it is required that mutual Hamming correlation 
between any two hopping patterns within a family should be small. A family of sequences over Pp[w'‘], 
denoted by ^{A), is constructed, corresponding to each m-sequence A € PGR(v'‘,r). The number of 
sequences in J({A) is determined by the number of distinct elements of P”[w'^] occurring in S'^. 

By making use of J({A) families, where A e PGR(v'',r) and V is the order of the residue field, 

0 < p < k, coincidence frequency patterns of size and period V'^-1 are coirstiucted. These 
frequency patterns meet Lempel and Greenberger bound on H^^ [2], which is the maximum of out of 
phase autocorrelation values and crosscorrelation values between any two hopping patterns. The derived 
frequency patterns include familiar one-coincidence frequency patterns. 

Families derived includes familiar one coincidence sequences also. Shaar et al. [42] have presented 
general description of a class of one— coincidence sequence sets by using n linearly independent phases of 
binary m-sequences. This class of one-coincidence sequences can be obtained from the frequency hopping 
families derived from Pjlw*']. Recently J.J, Komo and S.C. Liu [43] have described frequency hopping 
patterns from m-sequences over GF(2 ). In [43], authors make note of a sequence over GP(2 ), which is 
constructed by grouping two binary m-sequences, sharing many properties of m— sequences and yet not an 
ra-sequence over GF(2^). It is indeed an m-sequence over P^lw^] and rightly not an m-sequence over 
GF(2^). Our approach characterizes all such obtainable sequences by appropriately grouping m-sequences 
over finite fields. The weight distribution of m-sequences over Pp[w''] is also given, 

In addition to above results, we also derive a subset of m-sequences over Pp[w'‘] having only two 
level block inner-product autocorrelation; out of phase autocorrelation value being — n. 

J(b) Non-linear Constructions (Sequences with Controllable Linear Complexity): The families of 
sequences derived under this heading are nonlinear in the sense that the sequences in a family are not 
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dosed under pointwise addition. The linear complexity (LC) of a sequence is the shortest length linear 
feedback shift register which generates the sequence. Even though nonlinear property hinders the 
evaluation of correlation parameters, sequences possessing this property are essential in certain 
environments. In spread spectrum communication systems, apart from the good correlation properties it is 
desirable to have sequences with large LC. The r length linear recursion of a sequence over a field can be 
solved by using 2r consecutive sequence bits, by using Berlekamp— Massey algorithm [44]. Similar 
algorithm for sequences over exists due to Reed and Sloane [45|. The same algorithm is extendible to 
sequences over P“[w ] also. Thus if the LC of the code sequence used for communications is small then this 
helps an intelligent jammer to duplicate the sequence generation mechanism by observing the finite 
segment of the sequence. Hence a robust system would employ sequences with large LC. 

Evaluation of LC of finite field sequences is greatly facilitated by using Blahut’s theorem which 
says that the LC of a sequence is equal to the number of non— zero terms in the discrete Fourier transform 
representation of the sequence [46]. An extension of Blahut’s theorem for the case of sequences over rings is 
stated and has been made use of for the computation of LC of sequences over finite rings. 

The important results obtained are classified into the following two categories. 

1. Generalized Polynomial Sequences 

2. Sequences Obtained Prom Mappings from a Ring to its Ideals 

Centralized Polynomial Sequences: A generalization of a complexity enhancement procedure for field 
m-sequences [47] to sequences over residue rings is presented. This is an extension of polynomial sequences 
of field case. The scheme makes use of generalized permutation polynomials over Galois extension ring. 
The method for complexity enhancement of trace sequences over residue class rings is illustrated below. 
Let Ci?be a residue claiss local ring (Z^ or P^fw]). Let GR( ^x) be r’’** degree Galois extension ring. 

1: Consider a maximum length sequence {y.} over extension ring GR( ^t) with u linear span. 

2: Using a suitable permutation on GR( ^i ) , y.’s are permuted, 

y.’ = permutation (y.), y. 6 {y.} 

3; The sequence {s.} is then defined as the trace function of {y.’} 

S; = tr;(y.>) 

4; The resulting sequence {s.} over .5? has large LC. 
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A corresponding complexity enhancement scheme for field in-sequences [47], with permutation 
monomials as permutation in step 2, results in GMW sequences [48]. Two generalizations of permutation 
monomials over GR(4,r) are obtained from permutation monomials over GF(2^). These have been used in 
the above scheme and consequently two families of generalized GMW (GGMW) sequences over of 
period 2^^— 1 are defined, where u is a positive integer. The size of the GGMW family is and the 

< 2 > ideal sequence is isomorphic to a binary GMW sequence. 

The LC of GGMW sequences is computed and shown to be in the range. 

(r{u»W).,..,r(u“W)-5^r> (1.3.1) 

(2-1) 

where H(b) is the number of ones present in the binary representation of b, a integer in the range 
0 < b< 2'^— 1. Correlation properties these families satisfy Welch bound on inner product with equality, 
which implies that the 6^^ is approximately equal to L;period. However, 6^^ deviates from 

optimal value of computer results suggest that frequency of deviation is not large. 

If 

A similar procedure for LC enhancement for sequences over Pp[w ] is also considered and a family 
of GGMW sequences of period is introduced. By using a subset of GGMW sequences, families of 

optimal frequency hopping sequences are constructed. The LC of a GGMW sequence is show to be equal to 
that of its residue sequence over P p'{w]. When p=2, it is shown that the LC of the GGMW sequences over 
P 2 [w'^] is equal to r(u^^*'^^), where H(b) is as defined in (1.3.1). The families satisfy Lempel and 
Greenberger bound on The generalized polynomial sequences satisfy a generalized r— tuple 

distribution. 

Sequences Obtained From Mappings from a iing to its Ideals: Sometimes, mappings from a ring to its 
ideals yield useful families of sequences. An example of such mappings is the familiar homomorphic 
mappings from local rings to its ideals. But, these mappings produce structurally similar sequences and 
hence of not much import. We consider a nonlinear polynomial mapping from to its ideal 

< 2 >, given by ip{x) = x - x. This mapping results in sequences over the ideal < 2 > which are 
structurally different from the sequences over Z^. The ideal < 2 > is isomorphic to the binary field and the 
quadriphase mapping (p (Refer (1.2.4)) on the ideal results in bi— phase signal set. Thus biphase sequences 
are constructed from sequences over Z^. The quadriphase families derived in this thesis are considered for 
biphase sequence design. The families of biphase sequences thus derived from families of sequences are 
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denoted by prefixing a word ’ ' to their corresponding family name. Following two families of 

biphase sequences are derived from families. 

1. Families of biphase sequences ( of period (2''-l) from {Jt} families over Z^; each family 
consisting of (2‘ + i) sequences. 

2. Families of biphase sequences of period 2(2'^— 1) ( derived from families over Z^; each 

family consisting of 2'^”^+! sequences. 

The .X5J5®mapping considered is similar to the quadriphase to biphase transformation given in [3]. Also in 
[3], a method of evaluating correlation properties of transformed sequences is given and a bound on is 
provided; superscripts B and Q indicates for binary and quadriphase sequences. The 

same correlation evaluation technique is used here also. But, crosscorrelation distributions of biphase 
fa m ilies are computed using the properties of GR(4,r) and correlation transform distributions of the 
corresponding Z^ families. Many biphase families are shown to satisfy Sidelnikov ^ L j and 

Welch bounds ( 0 < /~C~) on 0 

Another interesting feature of biphase sequences given here is their large LC property; it follows 
from the nonlinear nature of polynomial function considered. The generalized Blahut’s theorem on is 
used to compute LC of resultant binary sequences. The LC of sequences in family is lower 

bounded by r(r-l)/2 and the LC of sequences in families is shown to be equal to r(r+3)/2. The 

new biphase families derived from 2^ families are given in Table 6.6.1 along with their correlation and LC 
properties. 

11. Families Derived from the Representation of Semi-local Rings 

Families derived under this heading are useful in slow frequency hopping spread spectrum (SFHSS) 
systems. In SFHSS systems, one or more symbols are transmitted within one frequency hop (slot) and a hit 
woidd mean total loss of data transmitted in that hop. Thus, apart from minimizing the mutual Hamming 
correlation between patterns, hits resulting from presence of all the sequences in the system should be 
minimized. This implies that sequences should have good generalized Hamming correlation properties (Eqs 
(1.2.5) & (1.2.6)). By utilizing properties of orthogonal ideals of polynomial residue class ring, and families 
derived over local rings, we construct families of sequences over semi-local rings having ideal GHCC 
(crosscorrelation function is equal to zero for all values of r.). The construction is mainly based oa the 
internal direct sum representation of the ring Pp[w(.f)]. Following new families are derived. 
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1. A family of sequences of period L = p“i- 1 over PplwiOli where n = 4- Ug, by using a 

sequence over Ppi[w^(^)] of period p”'— 1, where Wj(() is an irreducible factor (of degree n^) of 
w(i(). These sequences satisfy ideal GHCC properties. 

2. A family of n p“2 sequences of period L = p'^i-l over P“(w], n = n^^ + n^, by using p 
one-coincidence sequences over P“l[w.(0) each of period p°>— 1. The GHCC and GHAC for any 

p i 

sequence in the family are given by 

GHAC .,r , ) < p“^/i for r, = 0 

i’ 2’ ^ m—1’ m+r ^ ^ 

< /i—l Otherwise. 

GHCC (r ) < /i—l for all r. ^ r.. 

A code generation scheme, based on the direct sum decomposition of semi— local rings, for slow 
hopping multiple access communication systems is given where different users can have different frequency 
diversity. 

1.4 Literature Survey. 

Literature on construction of sequences with desired correlation and related properties is vast and 
there are excellent texts and survey articles available on this topic [1,4,5,19,23]. Our idea is not to review 
the entire set of results in this area. Works are quoted in accordance with the perspective taken in the 
thesis. Mainly constructions of sequences using algebraic approach have been considered for the survey. An 
approach which uses geometric results has also resulted in quite good constrictions [49-51]; some of them 
can also be defined in algebraic framework [48]. We do not attempt to review results concerning the 
heuristic search approach for construction of sequences, which deals mainly with sequences having good 
autocorrelation properties [15-18]. Some results of this category which are found using computers are 
available in articles in the journal ’Electronic Letters’ [52,53]. 

The review attempts to give a general idea of the development in the area of algebraic construction 
of sequences. It is organozed according to correlation and other relevant properties of sequences. Most of 
the results on algebraic construction of sequences are concerned with polyphase sequences with good 
inner-product correlations. Important structural methods, like generation of sequences using linear 
feedback shift register (LFSR) and generation of sequences using trace functions, were first obtained while 
searching for sequences with good inner-product correlations. 



1. Inner-product correlations-. Constructions of pseudo-noise (PN) sequences (using LFSRs) 
having good inner— product correlation properties provide the earliest examples of the structural approach 
in the literature. The study of PN sequences started somewhere in mid fifties. Some of the early pioneers in 
this area are Golomb and Zierler [5,54]. Major results of Golomb’s study during fifties and sixties are found 
in his book [19], published in 1967. The theory of linear recursions which Golomb and Zierler used to 
construct PN sequences was known in the mathematical literature much earlier [55,56]. However, its 
influence on communication engineers was little [5]. Initial work of Huffman [57] deals mainly with 
implementation aspects of feedback shift registers. 

Trace function representation was introduced in sequence studies somewhere in the later half of 
sixties by many authors [23,58-60]. This played a key role in the development of the subject due to its 
degant representation and its usefulness in evaluation of sequence properties. In the context of use of trace 
function in the development of sequence theory, two phases can be identified in the literature: 

Phase 1 (sixties): when trace functions are employed mainly as a tool to compute crosscorrelations 

of binary m— sequences. 

Phase II (eighties): when trace functions are used as effective tool to obtain new constructions. 
Computation of crosscorrelation parameters of m— sequences and Gold sequences invariably requires 
properties of trace functions [21,23,58]. While autocorrelation results can be proved even without trace 
representation, crosscorrelation computations are impossible without this tool [23]. Even while trace 
functions were indispensable tools for correlation computation during sixties and seventies, shift register 
representation of sequences was mainly followed for their implementation. It was only in eigties that these 
were effectively used to get new constructions. Probably, first result in this series is by Olsen et. al. [61] on 
Bent function sequences. A paper by Scholtz and Wdch [48], giving algebraic description of GMW 
sequences, effectively exploits the power of trace functions. No sequences [62], Kumar and Moreno 
sequences [63], Liu and Komo sequences [64], polyphase sequences by Moriuchi and Iraamura [65], 
Cascaded GMW sequences by Klaper et. al. [66] are some of recent examples which make use of trace 
function representation. 

The constructions mentioned above are all defined over finite fields, properties and structure of 
which are quite well known among researchers in the area of sequence constructions; there are many 
excellent texts dealing with properties of finite fields [24,67,68]. Contrary to it, structure and properties of 
finite rings are not familiar to researchers in this area. To author’s best knowledge, Scholtz and Welch [69] 
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in 1978 were first to consider the ring for sequence design. They have reported sets of sequences with 
good aperiodic and periodic inner— product correlation properties derived from group characters of 
through a computer assisted study. Next is a paper by Sole [31] which gives a construction of a family of 
(2^+1) m-sequences over of period 2*^-1 and their correlation properties (r; an odd integer) by making 
use of an Abelian association scheme given by Liebler and Mena [40]. On the similar lines we have given a 
closed form correlation expression for even values of r [30]. Recently Boztas, Hammons and Kumar [33] 
have reported same set of sequences. In both [30] and [33], trace functions over Galois rings have been 
employed for sequence construction. However, proof of correlation values in [33] is based on the theory of 
exponential sums and trace functions. We have followed an approach for correlation computation based on 
an Association scheme defined on the elements of the Galois ring GR(4,r) [29,30]. 

There are various bounds on the inner— product correlation values for polyphase sequences 
[34,35,70-72]. Important among them are Welch bound [34], Sidelnikov bound [35] on 0^^. The earliest 
paper dealing with a bound on 0^^ for binary sequences is by Stalder and Cahn [71]. Recently Massey [41] 
has rederived Welch bound and has given a necessary and sufficient condition for signal sets satisfying 
Welch bound with equality. This paper gives a bound on which is equal to the root-mean— square of 
the inner product values between all pairs of various time shifted version of sequences in a family. 

2 Hawming Correlation: Costas sequences are the earliest discovery of sequences with good Hamming 
correlation properties [73]. But, they were found with coincidence property as a criterion rather than 
Hamming correlation. Lempel and Greenberger [2] were first to consider Hamming correlations as criteria 
for construction of sequences. They have given lower bounds on Hamming correlations of sequences for a 
given length and alphabet size which is tight. They have also described optimal families derived from 
m-sequences over GF(p). This paper is most influential and referred to by most of subsequent researchers 
in this area. Another important linear construction considered is derived from Reed— Solomon codes 
[5,74,75]. Kumar [76] has derived frequency patterns from Bent functions and Bent function sequences 
having good linear complexity. This is a nonlinear design and Hamming correlation properties are near 
optimal. 

S Block Inner-product Correlation: Block Inner— product correlation function is considered by 
Komo [77], Park and Komo [78,79] for CDMA which uses block PSK modulation, a generalization of PSK 
modulation. But we are not aware of this kind of modulation being used in practice. In [43], authors use 
this correlation to analyze frequency hopping patterns. 
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4 Lee correlations: We have not come across any reference which deals with this kind of 
correlation function. But, this might have application in phase modulated systems as lee metric is suited to 
phase modulated channels [39,80]. 

5 Controllable Linear Complexity (LC) : A paper by Groth [81] deals with generation of binary 
sequences with controllable LC by linear generator with nonlinear feed— forward function. Key [82] gives 
upper bound on LC attainable by nonlinear feed-forward generators. The articles in Advances in 
Cryptology and Applied Algebra and Error Correcting Codes (AAECC) conferences (Published in Lectures 
notes in Computer Science Series, Springer Verlag) contain large number of papers dealing with this 
subject; most of them deal with applications in cryptography. The applications in secure communication 
systems demand sequences with good correlation properties along with large LC. Nonlinear sequences with 
good correlation properties are scarce. The bent sequence construction [61] is one of the elegant method of 
obtaining binary sequences with good LC and correlation properties. Kumar’s paper [76] makes use of bent 
functions and bent sequences to derive finite field sequences with good LC for frequency hopping. Papers 
by Brynielsson [83] and Siegenthaler and Forre [47] give algebraic methods of obtaining sequences with 
controllable LC with good correlation properties. They show how GMW sequences can be obtained as a 
special case of their method. Recent generalizations of GMW sequences are given in [66,84]. 

There are hardly any references dealing with sequences over rings with controllable complexity [30]. 
However recently, rings have been used to construct binary sequences with large LC [85]. 

6 Multiplexing applications: The earliest reference which makes use of ring structure for 
multiplexing operation is that of Murakamin et. al.[86]. They have used the decomposition of a 
semi-simple ring as a direct sum of Galois fields for efficient coding scheme in a multichannel 
communication system. Nishikado et.al. [26] have proposed a encoding and decoding scheme by making use 
of cyclic codes over finite fields. This scheme has a feature of error correction when message rate is lower 
than the regular speed. The generalized version of this scheme is described in [25]. 

1 .5 Organization of the Thesis 

Chapter 2 discusses correlation and other related properties in connection with the sequences over 
residue class rings and establishes necessary tools for evaluation of various correlation functions required 
for the entire thesis. In Section 2.1, a generalized correlation function between a pair of sequences is 
defined such that specific correlation functions can be derived as special cases. Expressions for correlation 
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transform of sequences over Z^, and Zg are also given. In Section 2.2, several examples of residue class 
rings are identified which are matched to different signal sets for various correlation functions. 
Equivalences of some of the correlations functions are treated in Section 2.3. It is showrj that binary block 
inner— product correlations are equivalent to binary block Hamming correlations. Generalized Hamming 
correlation functions which depend on all the sequences employed in the system are given in Section 2.4. 
Section 2.5 discusses some of the criteria for correlation and other parameters often considered in practice. 
Conditions for sequence sets satisfying Welch bound with equality are given. A generalized version of 
Blahut’s complexity theorem applicable to sequences over residue class rings is also given. This has been 
used to compute the LC of sequences constructed in the thesis. 

Chapter 3 is concerned with generation of sequences over and Zg and their applications in 
constructing quadriphase and octaphase sequences. Essential mathematical background required for the 
chapter is given in Section 3.1 and 3.2. Properties of Galois extension ring of of degree r, denoted as 
GR(4,r), needed for the paper, are briefly reviewed in Section 3.1. Relevant properties of an algebraic 
Abelian association scheme defined on the elements of GR(4,r) are given in Section 3.2. Families of trace 
function sequences are defined in Section 3.3. Trace functions (given in Appendix A) over GR(4,r) and the 
Abelian association scheme are used extensively in Sections 3.4 and 3.5 to define vaurious families of 
quadriphase sequencs and to obtain their correlation properties. Section 3.4 presents a family of L-f 2 
maximal length sequences (m— sequences) over of period L = 2*^-1. The Abelian association scheme on 
the elements of GR(4,r) has been used to calculate crosscorrelation and out-of— phase autocorrelation 
values of sequences. Section 3.5 deals with the construction of sequences with period 2(2^-l). The 
correlations are computed from the analytical correlation expressions of m— sequences. Maximal length 
sequences over Zg which can be used in octaphase communication systems are discussed in Section 3,6. 
Subsets of maximal length sequences over Zg are identified which satisfy Welch bound with equality. 

Chapter 4 discusses generation and properties of maximal length sequences over Pp[w*‘] and their 
applications in constructing frequency hopping patterns and sequences with good block inner-product 
autooDrrelations. Section 4.1 gives vector space structure of Pp[w'‘] and PGR(V^,r) and thdx relevant 
properties. Section 4.2 defines families of trace sequences over P“[w'']. Definition and properties of 
maximal length sequences over Pp[w^] are discussed in Section 4.3 and 4.4. Families of frequency hopping 
patterns derived from m-sequences are given in Section 4.5. Constructions of sequences with ideal block 
inner-product correlations are given Section 4.6. 
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Chapter 5 gives construction and properties of controllable large LC sequences over residue class 
rings Z and P“[w'‘]. The sequences over Z and P”[w*^] are respectively employed to get quadriphase 
sequences and frequency hopping patterns. Section 5.1 gives generalized permutation monomials over 
GR(4,r) and PGR(V^,r). Section 5.2 discusses a generalized procedure for constructing large LC sequences 
obtained from trace sequences using permutations on Galois extension rings. Families of GGMW sequences 
over Z. and are defined in Section 5.3 using permutation monomials over appropriate Galois 

extension rings. Sections 5.4 and 5.5 give properties of GGMW sequences over Z^ and Pp[w'‘] respectively. 

Chapter 6 gives a construction of sequences over the proper ideal of Z^, < 2 >, with controllable 
LC using families of Z^ sequences. The construction makes use non-4inear polynomial mappings from Z^ to 
< 2 > and the quadriphase mapping (p ((1.2.4)). Section 6.1 gives nonlinear polynomial mappings from 
to < 2 >. Section 6.2 gives correlation expressions for biphase sequences in terms of correlation values of 
its corresponding Z^ sequences. Sections 6.3 and 6.4 discuss definition and properties of families of biphase 
sequences derived from Jifand families of Z^ sequences respectively. LC of the sequences are computed 
in Section 6.5. Comparison of new families of biphase designs with known families is given in Section 6.6. 

Chapter 7 deals with construction of slow frequency hopping (SFH) patterns derived from sequences 
over semi-local ring Pp[w(iJ)]. These sequences are of importance in SFH multiple access communication 
systems. Section 7.1 gives a brief description of SFH multiple access communication systems and 
requirements on the hopping patterns. Section 7.2 gives a construction of SFH patterns with ideal 
generalized Hamming correlation properties. The construction makes use of decomposition of Pp[w(^)] into 
direct sum of its orthogonal ideals. Construction of SFH patterns derived from one— coincidence sequences 
over Pp‘[(wj(^))*'), where n^< n and Wj(4) is a factor of w($), is given in Section 7.3. Section 7.4 gives a 
SFH pattern generation procedure where different users have different frequency expansion factors. 

Appendix A gives relevant algebraic results concerning ring and its Galois extension ring 
GR(2 ,r), k being a positive integer, wliich are necessary for the entire thesis. Appendix B gives proofs of 
properties of automorphisms and trace functions defined over GR(2*',r). Some irreducible polynonoials over 

Z^ and Zg are given in Appendix C. Appendix D gives relevant properties of ring P [w ] and its Galois 

k 

extension ring PGR(V ,r). Appendix E gives a Massey’s conditions [41] for sequence sets satisfying Welch 
bound with equality. Internal direct sum representation of semi— local ring Pp[w(^)], where w(^) is a 
composite polynomial over GF(p) of degree n, is given in Appendix F. 



Chapter 2 


Correlation and Related Properties of Sequences over 
Residue Class Integer and Polynomial rings 


This chapter discusses correlation and other related properties in connection with the sequences 
over residue class rings and establishes necessary tools for evaluation of various correlation functions as 
required in the thesis. A generalized correlation function between a pair of sequences is defined such that 
specific correlation functions of practical importance can be derived as special cases. Notion of finite ring 
sequence alphabet matched to signal set for a correlation function introduced in Section 1.2 is further 
discussed. Several examples of residue class rings are identified which are matched to different signal sets 
for various correlation functions. 

Equivalences of some of the correlations functions are also given in this chapter. Two correlation i 
functions are equivalent if the computation of correlation values from one type is sufficient to determine 
the correlation values from the equivalent correlation function. This equivalence leads to efficient j 
implementation of some synchronization schemes. 

Generalized Hamming correlation functions which depend on all the sequences employed in the 
system are given. They are useful in slow frequency hopping spread spectrum communications. 

Correlation functions are the properties of sequences. However, the communication system 
requirements impose restrictions on their values for proper system operation. Some of the criteria for 
parameters often considered in practice are discussed. Apart from the correlation properties, sequences 
should possess large linear complexity (LC) for communication systems where jamming by unintentional 
users is a major threat [5,61]. Blahut’s theorem on LC is used for computation of LC of periodic sequences 
over fimte field of period which are DPT transformable (period should divide p'— 1; r is a positive integer 
and p is the characteristic of the field) {46]. A generalized version of this theorem applicable to sequences 
over residue class rings is given; it constitutes the main tool for evaluation of LC of ring sequences derived 
in this thesis. 
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2.1 Generalized Correlation Function 

As a means of quantifying the distinguishabilty of sequences, several types of autocorrelation and 
crosscorrelation functions have been used in practice. The type of correlation function used mainly depends 
upon the application where the sequences are used, the modulation, and the type of channel In the 
communication context, the correlation properties are critical mainly in 

a) Synchronization of transmitter and receiver amongst different users in the system. 

b) Sharing the common communication bandwidth for multi-user operation. 

In applications where only single user is operating in the system, such as in radar systems, ranging 
systems, spread spectrum, scramblers, autocorrelation function is important. Both autocorrelation and 
crosscorrelation properties are important in multi-user applications such as CDMA systems, spread 
spectrum multiple access systems, simultaneous ranging to several systems. Sequences used in most of the 
applications are periodic due to their impiementational simplicity. Two important correlation functions 
commonly used are periodic and aperiodic correlation functions. For sequences over complex numbers they 
are defined as follows. The periodic crosscorrelation function between two complex sequences A 

and B of period L is given by 

L-i , 

~ .^g^i*’(i+r)mod L 

where * denotes complex conjugation. The aperiodic crosscorrelation function APC^g(T) between two 
complex sequences A and B of period L is given by 

L- 1 —'7" 

APC.n(r) = S a.b. , . if 0 < T < L— 1 

AB' ' ._g 1 i+r' 

L- 1 -f T ^ 

= E a^ . b. if 1— L < r < 0 

i=0 * 

= 0 if I r { > L 

Two important correlation functions are derived from aperiodic correlation function; they are even and odd 
correlation functions, C^jj(t) and C^g(r). They are given by 

= AOab(") + 

=AB(") = ACABW-AC4B(r-L) 

Even correlation function is the familiar periodic correlation function. Aperiodic and odd correlation 
functions are of importance in many applications. However, they are hard to compute and many times 
they are determined using a computer. Whereas, periodic correlation functions are analytically more 
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tractable and are dealt with extensively in the literature. In this thesis also only periodic crosscorrelations 
are considered. 

To take care of various correlation functions of practical importance, a generalized correlation 
function between a pair of sequences is defined. A close examination of these correlation functions reveals 
that definitions of correlation functions involve some distance measures in the space of signals. The effort 
here is to present the correlation functions in a generalized setting where various correlation functions can 
be derived as special cases with different distance measure definitions. The definition of periodic 
correlation is assumed throughout, which means that indices in the sequence are always taken modulo L; L 
being the sequence period. 

Definition 2. LI: Let A = {aQ,a^,..,a^__^}, B = {t>Q>b^,..,bj^_^} be two sequences of period L over certain 
alphabet ^ of size 1^|. Then crosscorrelation function between two sequences A and B is 

defined as 

L~1 

= X (2.1.1) 

i=0 

where ^ is a mapping from the finite alphabet ^ to an appropriate signal set which is a subset of real 
(complex) space, and f is a binary operation related to the definition of the correlation function which 
depends on the distance measure. The range of f is also a subset of real (complex) space. The nature of <j> 
and f depends on the modulation and the type of application where the sequences are used. The mapping (f) 
which links a finite ring and a signal set may be considered as an abstract modulator. Another function 
which helps in the computation of correlations is defined. It is called correlation transform. 

Definition 2.1.2: The correlation transform of a sequences A is defined as the inphase correlation of A and 
the sequence which has all zero entries. It is given by 

L-l 

= C^j.(0) = (2.1.2) 

i=0 

where is the sequence with all zero entry. Superscript in correlation transform notation may be 
dropped whenever the type of correlation (f,(^) is clear from the context. In the following we list f and <j> for 
some of the more commonly used correlation functions. 
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1. Inner-froduci (IJ^) correlation: In this case, <|iis a mapping from a finite structure to the set of 
roots of unity, whose elements belonging to the complex field, given by 

?i(a) = exp(— ), w = V -1 (2.1.3) 

where is a mapping from ^ to The binary operation f is a conjugate product operation given by 
f(a,b) = ab*. Here the measure of distinguishability is the euclidean distance. The distance between a 
sequence A and any shift of sequence B is given by 

[^(a.) + <^(b )Y = V [^(a/ + + 2 C^ 3 (r), 

i=o ^ 1=0 

Thus for a fixed signal energy, it is easy to distinguish A from shift of B, if and only if the 
magnitude of C^g(T) is small. 

This type of correlation is mostly used in environments where the phase shift keying is the 
modulation technique. Three important commonly used correlation functions viz. binary, quarternary and 
octary inner— product correlation functions are special cases of this type. In the binary case, ^ is a mapping 
from a finite alphabet to the biphase signal set {1, -]}, given by 

^(a) = (-l)^’W (2.1.4) 

where (p’ ; > GF(2), a mapping from ^ to Z^, f is a product operation in reals. In the quaternary 

case, ^ is a mapping from a finite alphabet ^ to the set of 4*^^ root of unity, { 1, —1, j, — j}, given by 

0(a) = u> = /~=r~ (2.1.5) 

where 0’ is mapping from ^ to Z^. In the octary case, 0 is a mapping from ^ to 8*^*^ roots of unity, given 
by 

0(a) = exp(ii|I) , (2.1.6) 

where 0’ is a mapping from ^ to Zg. 

In the following we consider specifically sequences over Here we give correlation transform 
expressions for IP correlations. These are used in subsequent chapters for correlation computation. Let A 
be a sequence over Zj^j. Then correlation transform for IP correlations is given by 

11(A) = ^E^e)^ (2.1.7) 

i s=0 

where t is root of unity. Let W'^ be the weight vector associated with a sequence A, with W'*'. being 
the number of symbols i in A. For M = 2, 4, 8, 11(A) expression given in (2.1.7) becomes 
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^A) = (Wq — w'^) when A is over Z^, (2.1.8) 

K(A) = (Wq ~ Wj) + v' -1 (w^ - Wj) when A is over Z^. (2.1.9) 

K(A)^(wJ~w^)+— [(w^+w5-)-(w'^+wJ)]| + ^^^{(w^-w•J)■+-ppl(w-f-w■J)+(w■^-w•^)]| 


when A is a sequence over Z^. 

The crosscorreiation function between A and B ig^en becomes 


(2.1.10 


W’’) = «(^(A)-T^0(B)). (2.1.11) 

where T’^(.) is the shift of (.) and X— Y represents pointwise sequence subtraction modulo Z^. Hence 

the computations of crosscorrelations reduce to calculation of weight vectors associated with the 
corresponding difference of sequences. 


f , hm^ing correlaiion: Here 0 is a mapping from a finite alphabet to an another ^ and the 
binary operation f, is given by 

f(a,b) =lifa = b (2.1.12) 

= 0 otherwise 

Then* as in the previous case, the Hamming correlation transform of a sequence A, is given by 

n N~l 

K^(A) = E f(a.,0) (2,1.13) 

i=0 ‘ 

A H 

Let W be the weight vector associated with A. K (A) is then 

H®(A) = Wq (2.1.14) 

The Hamming correlation between two sequences A and B is given by 

HC^g(r) = K^(^(A)-T^^(B)). (2.1.15) 

This correlation function is useful in environments where large sets of mutually orthogonal signals 
are employed in the modulation scheme. Some of the examples are frequency hopping systems, pulse 
position modulated systems etc. 


S. Slock Inner-Product (SIP) correlation: Here the elements of an alphabet ..^over which sequences 
are defined is a collection of symbols from a smaller alphabet q. i.e. 

if A 6 A = (aja 2 ,...,a^); a^ € q. | j = |ql". 

In this case 0 is a mapping from alphabet to r— tuples over complex number (signal space in this case 
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is a r — dimensional vector space over complex field) given by 

<p : ^ 

<p^{k) = = (p (aj),^ (a^), (2.1.16) 

j2?r<^’(a) 

where cj> is the IP mapping (2.1.3), <P = exp( — — ) and <p' is a mapping from q to Zj^. The Binary 
operation f is given by 

f®(A,B) - a'^-B* = (ajbj% 3i^h^*+ ... +a^bj, (2.1.17) 

where T represents transpose operation, b is the complex conjugate of b and • is the symbol for dot 
product. 

Binary and quarternary block inner— product correlations are particular cases of this correlation 
when range of the mapping (f>^ is r— tuples over 2°^ and 4^*^ roots of unity respectively. Also, inner— product 
correlation discussed previously is a particular case of BIP with block length r equal to 1. 

The p— ary BIP correlation, p being a prime, is discussed specifically in this thesis where the 
sequence alphabet considered is residue class polynomial ring Pp[w(i^)]; w(^) is a polynomial of degree n 
over GF(p). The mapping function p in this case becomes 

0(a) = 0(aj,,a^,..,a^_jj) = '<j> (a^^),^ (aj),.,.,0 (a^_j), (2.1.18) 

j2ltX 

where 0 is the IP mapping, 0 (x) = exp(— ^), and a = (au,aj,..,a^_j) 6 P“[w(^)]. Thus a sequence over 
P”[w(if)] is made up of n sequences over GF(p). If A is a sequence over Pp[w(iJ)], let A-’ be the 

component sequence over GF(p), given by A-* = {a. ,, 0 < i < L— 1}, 0 < j < n— 1. Then the correlation 

transform of A is given by 

RIP 

H (A) = dot product of 0(A) and an all one vector. 

L— 1 n— 1 D— 1 

= I «“’(*') P-l-19) 

i=0 j=0 j==:0 

Thus K of a vector sequence is equal to sum of K’s of its component sequences. 

4 . Block Hamming correlation: As in the previous case, sequence alphabet a collection of symbols 
from smaller alphabet q and 0 is mapping from r-tuples over q to r— tuples over q’. The binary operation 
F(A,B), is given by 

F(A,B) = Wi.bj); A = B = (b^.b^-.b;, 

where f(a,b) is the binary operation defined for Hamming correlation. 


( 2 . 1 . 20 ) 
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5. lee Correlation: Here <pis 3. mapping from signail alphabet Zj^ and the binary operation f(a,b) is 
given by 


f(a,b) = LM/2j -Lee(a,b), (2.1.21) 

where [xj represents greatest integer less than or equal to x, and Lee(a,b) is the lee distance between a 
and b which is equal to minimum [ a— b [ or | b— a j ; ] . [ is the modulus symbol. 

Let A,B be two sequences over Then the Lee correlation function is given by 


LC^gCr) = ''s\m/ 2J - l^(a.)-<6(b.^P|. 
i =0 


Let W. be weight vector associated with vector ^(A) such that W. is number of symbols i in ^(A). Then 

A i 

LM/2J 

LC^b('^) = ^ (LM/2j-i) (W. + Wj^_.) when M is odd 

i =1 

LCAglr) = LM/2J Wjj + £ ( [ M/2J - i) (W. + when M is even. 


Correlation functions discussed above have close relationship with their corresponding distance 
measures used to define them. In fact correlation function is a measure of closeness of sequences. Let A, B, 
and C be three sequences of length L such that d(A,B) > d(A,C), then correlation relation Cajj(O) < 

C. „(0) always holds; where d(A,B) is the corresponding distance measure in a space of dimension L over , 

V>n^ 

which sequences are defined, isuv correlation value implies that the distance between sequences is small 

IV ■ ~ “ ~ — 

and conversely jagt a t r the correlation value they are far apart in corresponding metric space. Various 
correlation functions given above with their corresponding distance measures are given in Table 2.1.1. 

2,2 More on Finite Rings Matched to Signal Set for Correlation 

In Section 2.1, we have defined a generalized correlation function to take care of various correlation 
functions of practical importance. Correlation properties of sequences fall under secondary properties in the 
structural approach for construction of sequences. Analysis of sequences for secondary properties poses 
formidable problems. In an attempt to ease the secondary analysis, notion of sequence alphabet matched to 
a signal set for a correlation function represented by 2— tuple (f,i^) has been proposed in Section 1.2. For 
convenience, we repeat the definition here. 
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Definition 2.2.1: A finite ring 5E is said to be matched to a signal set for correlation represented by a 
2-tuple (f,0) if and only if 

f(<^(a),<^(b)) = f(^(a-b), .^(0)), for any a.b 6 3L, (2.2.1) 

where — is the subtraction in finite ring 9L 

The mapping which acts as a bridge between a finite ring and signal set, may be considered as an 
abstract modulator. A correlation function is defined on L tuples over a finite ring. Accordingly, the 


Table 2.1.1 Table of Correlation Functions & Corresponding Distance Measures 


Correlation 

type 

Modu- 

lation. 

Distance 

Measure 

Mapping 

f(a,b). 

M-ary IP 

M-PSK 

Euclidean 

j2 7r^’(a) 

0(a) = exp( ^ ) 

♦ 

ab 






Binary IP 

BPSK 

Euclidean 

(p: ^/f-> R 
0(a)=(-l)^’(^\ 

ab 

QPSK IP 

QPSK 

Euclidean 

0;^>C 

0(a)=(a;)^’(^\ 

♦ 

ab 

Hamming 

FSK 

Hamming 


= 1, if a = b 
= 0, otherwise 

Lee 

MPSK 

Lee 


LM/2J-Lee(a,b) 





Lee(a,b)=min{ | a— b | , | b— a | } 

Block Inner 
Product 

Block 

MPSK 

Euclidean 

A=(aj..a^) 

m if 

a -b 

T: transpose 




0®(A)=0(a^)..0(a^) 

j27r0’(a) 

0(a) = exp( p ), 

• :dot-product 




^ P 


Block 

Block 


0:q->q’'^ 

F(A,B) = S f(a.,b.) 

: A * 1 

Hamming 

Hamming 


A=(aj..a^) 

l=:U 

where f = 1, if a = b 


= 0, if a -(S b 
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structure of sequence alphabet is that of L tuples over a finite ring. Many practical situations demand 
sequences to be periodic and sequence edphabet can be assumed to be closed under cyclic shifts. Thus we 
are essentially interested in cyclic modules over finite rings. The implication of a finite ring being a 
matched ring in correlation computation is given in the following theorem using correlation transform. 
Theorem 2.2.1: If A and B are two sequences over a matched finite ring 52 for correlation represented by 
2-tuple then crosscorrelation between them is given by the correlation transform of (A— T’'(B)), 
where — is the subtraction in .^and T^(.) represents shift of (.). 

Proof: From (2.1.1), (2.2.1), C!^g(r) can be written as 

which is nothing but the correlation transform of (A— T*^B) from (2,1.2) as required. □ 

The above theorem reduces the burden of crosscorrelation computation between a pair of sequences 
by way of evaluating only the correlation transform of their difference sequence. It may be noted that K is 
a property of a sequence where as crosscorrelation function involves a pair of sequences. Thus, computation 
of correlation properties of sequences over matched rings is simplified by using combinatorial results 
concerning the correlation transform of sequences. Further, if the sequence set is linear, the correlation 
distribution turns out to be directly related to correlation transform distribution of sequences in the set, 
which can be easily evaluated in many situations. This simplification is possible due to the fact that the 
correlation operation on the signal set is isomorphic to subtraction in the matched ring and more 
importantly the isomorphic mapping is linear. This isomorphism is shown in Fig 2.2.1. This allows us to 
make use of linearity of sequences over matched ring alphabet for the computation of correlation 
properties. As a result, the generalization of the alphabet structure from finite field to finite ring, in many 
situations, permits us to retain the advantages of linearity , thus leading to simplicity in the analysis of 
sequences. Thus while constructing sequences using the structural approach, it is advantageous to consider 
matched structuresy^rthe^, seq uences over m^ched rings may also have good properties.) Many optimal 
families of sequences over matched residue class finite rings derived in this thesis confirm this belief. Now 
we verify some of the residue class rings considered in this thesis for their matched ring property to various 
correlation functions. For the ring we have the following lemma. 

Lemma 2.2.1: The ring is a matched finite ring for IP correlation and the existence of optimal 
M-phase sequences necessarily imply the existence of Z^^ sequences with optimal IP correlations. 

i 0 



Matched Ring 9i 
{a,b e 


<P 


Signal Set 


subtraction 


f(-) 


{a-b} 



i{(p{a.),(p{h)) 

fum 

{0(a-b)} 


Fig 2.2.1 Relation between Matched Rings and Signal Sets 

Proof: It is easy to see that Zj^ satisfies (2.2.1), and hence a matched ring for IP correlations. Now note 
that the IP correlation involves a mapping (p’ from any arbitrary ring Q to Zj^. Thus if there exists a 
family of sequences F with optimal IP correlations over arbitrary ring Q, corresponding family of 
sequences <t>’{F) is a family of sequences over and is consequently optimal. Hence the lemma. □ 

Lemma 2.2.1 implies that Z^, Z^ and Zg are matched rings for biphase, quadriphase and octaphase 
IP correlations respectively. Lemma 2.2.1 implies only the existence of optimal sequences and do not 
suggest about the structure of optimal sequences. The fact that maximal length sequences over Z^ are 
optimal does not follow from the lemma. Another residue class ring considered in this thesis is residue class 
polynomial ring Pp[w(^)]. This ring is matched for block inner— product correlations and block Hamming 
correlations which can be verified easily. Table 2.2.1 gives some of the matched finite ring structures for 
various correlation functions. 


2.3 Equivalence of Correlation Functions 

In this section a concept of equivalence of correlation functions is discussed. The concept is 
motivated from implementing some correlation functions through the computation of equivalent 
correlation function. 
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Definition 2.3.1: Two correlation functions are said to be equivalent if the computation of correlation 
values from one correlation function is sufficient to determine the correlation values from the other 
function. 

Theorem 2.3.1 shows that binary inner-product correlation and binary Hamming correlation are 
equivalent correlation functions. However such a correspondence does not hold good in general. Binary 
Hamming correlation is more easier to implement in digital domain [36] and thus the concept helps in 
implementing synchronization schemes for biphase sequences. 

Theorem 2.3.1: Binairy Hamming correlation is equivalent to binary inner— product type correlations. 

Proof: Let A,B be two binary sequences of period L, then crosscorrelations between them according to both 
the correlation functions are given by 

Cab(''') (Inner— Product) = lt(A — T^(B)) = ■Wg(r) — Wj^(r) (2.3.1) 

HAAB(r) (Hamming) = K^(A - T'^CB)) = WQ(r), (2.3.2) 

where Wg(r) and Wj(r) are the number of zeroes and ones respectively in the vector A — T^(B), T^(B): r" 
shift of B, and - indicates point wise subtraction. By using the fact that Wq(t) + Wj(r) = L, above 
correlation functions are rewritten as 

CAg(r) (Inner— Product) = 2 HAAB(r) - L (2.3.3) 

HAab( 7‘) (Hamming) = -i- (L 4- CAB(r)) (2.3.4) 

Thus proportional to each other and hence the result. □ 

Table 2.2.1 Ring Structures Matched to Correlation Functions 


SI No. Matched Ring Correlation Type 


1. 


M-ary IP 

2. 

Z2 = GF(2) 

Binary IP 

3. 


Quadriphase IP 

4. 

Any Ring 

Hamming 

5. 


Lee 

6. 


Block Inner-Product 

7. 


Block Hamming 
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Above equivalence is not surprising because of the fact that the binary field is matched for both 
bi— phase IP correlation and Hamming correlation. Here Hamming distance between the elements of GF(2) 
is related to the euclidean distance between corresponding biphase signals. This kind of equivalence is not 
true in general. Even though Lee distance between the elements of Zj^ is related to euclidean distance 
between corresponding roots of unity, Lee correlation is not equivalent to inner-product correlation, 
except in a special case M = 2 where Lee correlation definition collapses to that of Hamming. By 
extending similar arguments it is easy to prove the following 

Theorem 2.3.2: Binary block Hamming correlation is equivalent to binary block inner— product type 
correlations. 


2.4 A Generalized Hamming Correlation Function 

In Section 2.1, some of the commonly used correlation functions are obtained from a generalized 
correlation functions defined on sequences over arbitrary finite alphabet. In all these cases, 
distinguishability measure depends only on two sequences. Some communication practices demand 
correlation functions which depend on all sequences employed in the system. We consider such correlation 
functions called generalized Hamming correlation functions which are of importance in slow frequency 
hopping spread spectrum systems. They are defined as follows. 


Seneralized Earning correlation'. Let S\ m = l,.,n, be n sequences of length L over certain alphabet Q, 

then the generalized Hamming crosscorrelation function concerning m*^ sequence is given by 

L— 1 

~ . ^ •> ^ (2.4.1) 

1=0 j 

The corresponding autocorrelation function is given by 

, for all j } (2.4.2) 


i=0 


where gh is a function given by 


gh{a; bj,b 2 ,..,b^} = 1 if a € { bj^,b 2 ,...,b^ } 

= 0 otherwise. 

The use of above correlation function is discussed in Chapter 7. Families of sequences with ideal 
generalized correlation functions are given. 
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2.5 Criteria for Signal Design in Communication Systems 

Requirements on the properties of sequences differ from one to application to another depending on 
the type of modulation, the channel, the presence of unintended intruders etc. A general and basic 
requirement is that sequences should have low out of phase autocorrelations and crosscorrelations. Various 
lower and upper bounds are present in the literature [1,34,35,41,70,71] which limits the performance of the 
systems. These are discussed in this section for various correlation functions. Apart from the limits on 
correlation values sequences should possess large linear complexity when threat of intentional jamming by 
^ uninientional user is present [5,61]. 

In case of single user systems where only one sequences has been made use of, autocorrelation 
functions are of prime importance. For multi-user systems both auto and crosscorrelations are important. 


2.5.1 Inner-product Correlations 

In case of inner— product type correlations, one of the important parameter which affects the 
performance is which is defined for a family of sequences F as maximum of out of phase 

autocorrelation values and crosscorrelation between different sequences in the family. Formally 0^^ is 
given by 

0^^. {Max (Cx^(r), r # 0, X ^ Y, X, Y 6 F} (2.5.1) 

In addition to , Q and 0 , root mean square and average of all out of phase 

max rms avg’ -i a 

autocorrelations and crosscorrelations between all pair of sequences is also important in some occasions. 


mean Square root of ( | C^y(T) | for all X,Y e F, except when X = Y & r = 0) 
0^^^: average of | C^y{T) | , for all X,Y g F,except when X = Y & r = 0. 


Formally these parameters are given by 

0 £ S V lC^„(r)|^) 

nns M(ML 1) XCP Y€ F T*“0 

except XsrY k r^O 

ICxvWI) 

except X=Y & T^O 

where M is the number of sequences in F. 


(2.5.2) 


(2.5.3) 


For the above parameters bounds have been derived in the literature. Among them Welch bound on 
^max ^rms Sidelnikov bound on 6^^ for biphase sequences are popular. According to the Welch 
bound, for a collection of L complex valued sequences of period L, 9^^^ cannot be less than a quantity that 
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is approximately /T~ [34], However for biphase sequences this cannot be better than / 2L [35] 
(Sidelnikov bound). 

In most of the sequence set constructions for CDMA operations, criteria often considered in 
literature is that, C^^of the sequence set should be as small as possible. But in CDMA operations, it is 
not always necessary for the signal set to have minimum Appropriate criteria is that the root mean 

square sum of the interference should be minimum { 6 ^^ should be small) [41]. So in CDMA 
communication systems, one can afford to relax the requirement on but it is required that the root 

mean square of the interference should be minimum. In fact, the Welch bound simply bounds the sum of 
square of crosscorrelations of aU sequences in the set. Massey [41] has recently rederived the bound and 
gave the condition for a sequence set to satisfy welch bound with equality. Let X = {x , m = 1,..,M} be a 
set of M complex vectors of length L (x^ e C^, dimension complex space). Then the inner— product 
between the vectors x and x is given by 

m n ° 

C (0) = S (x .X .). (2.5.4) 

mn' ^ mi nr ^ 

1=1 


The energy of the vector x^ is defined as 


E = £ (x .X .). 
. mi mi' 
1=1 


(2.5.5) 


Welch’s bound theorem [41] bounds the inner— product values of the set X. 

Theorem 2.5.1: Welch’s Bound: If x^, x^,.., x^^ are vectors of energy E in C^, then a sum of 
inner-products satisfy 


MM o (M E) 

E S |C (0)|^> 

' rnn'' . 

n=:lm=l L 


(2.5.6) 


where ]x] means modulus value of x. Equality holds in the above equation, if and only if, in an M by L 
array having Xj,X 2 ,..Xj^ as rows, the columns are mutually orthogonal and all columns have same energy. 

Proof of the above theorem is given in Appendix E. The following theorem gives a method of 
constructing larger set of complex vectors satisfying Welch bound with equality from shorter sets which 
satisfy Welch bound with equality. 


Theorem 2.5.2: If X = { Xp..,Xj^} and Y = {Y^,..,Yjj} are two sets of complex vectors of length L 
satisfying Welch bound with equality, then the set Z = {X U Y} containing M+N complex vectors also 
satisfies the welch bound with equality, where U represents set theoretic union. 
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'Proof: Let and be matrices of M x L and N x L arrays whose rows are vectors in X and Y 
respectively. The sets X and Y satisfy Welch bound with equality implies 

= 0 and Cy-' = 0 , for i ^ j, 


where C.^'’ are the inner— products of i^^ and columns in and respectively. Now consider, 
M„ a M+N X L matrix whose first M rows are vectors of X and next N rows are vectors of Y. Then 

Jj 

inner— product between i''“ and columns, i # j, becomes 


p 1 j 


M+N ^ M . N . 

E (Z .Z .) = ^ (X .X .) + S (Y .Y .) 

, ^ mi mj^ , ^ mi mi^ , '* mi mj^ 

m=l m=l m=l 


0 . 


Hence the columns of are mutually orthogonal and thus Z satisfies Welch bound with equality. □ 
Lemma 2.5.1: If X, a set of M complex vectors of length L satisfying Welch bound with equality, then the 
set T^(X), 0 < T < L-l, also satisfy Welch bound with equality, where T^(X) contains shift of vectors 
in X. 

Proof: Since T^(X) contains shift of vectors of X, column vectors of are shift of those of 

which are orthogonal. Thus, column vectors of are also mutually orthogonal which implies that 

T^{X) also satisfies Welch bound with equality. 

We say that a family of sequences F satisfies Welch bound with equality if set of vectors obtained 
by all sMfts of sequences in F satisfies Welch bound with equality. Theorem 2.5.3 gives a consequence of a 
family of sequences satisfying Welch bound with equality. 

Theorem 2.5.3: If F, a family of M sequences of period L, satisfies Welch bound with equality, then 6 ^^ 
parameter for the family is given by 

m 3 = Square root (M^E^-ML^)/M(ML-1), (2.5.7) 

which is approximately equal to /TT" for sequences over roots of unity when M is of the order of L. 

Proof: If F satisfies Welch bound with equality, then sets T^(F), 0 < r < L-1 also satisfy Welch bound 

L— 1 

with equality. Then from Theorem 2.52, {^UqT (F)} also satisfies Welch bound with equality. This 
implies that 


s s C 0 2= 

n=lm=l L 


L — 1 

where n and m runs through all the sequences in T^(F)}. When m=n, C^^(O) is L and hence we 

have 
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ML ML (MLE)'‘ 5 2 2 'I 

S S |C (0)1 MLL^ = M^LE - MLI 

n=I m=l L 

n^m 

Since the vectors in { ^ T^(F)} axe aJl cyclic shifted versions of sequences in F, we have 

ML ML ^ . L-i . 

S E|C (0)|2 = L( E E S |C (r)|2). 
n=l m=l X6FYGP r=0 

n^m except X=Y k T^O 

From (2.5.2) bracketed term in RHS of above equation is Thus, 6^^becomes 

(M E — ML )/ML(M-l) as required. This value is approximately equal to L if M is of the order L, and 
B = L which is the case when sequences are over roots of unity. Hence the theorem. □ 


Thus if a family satisfies Welch bound with equality, then it has optimal 0 ^^. Various families are 
derived in this thesis which have optimal 0 

^ rms 


2.5.2 Hamming Correlation 

Hamming correlation function is useful in situations where large sets of mutually orthogonal signals 
are employed in modulation. Some of the examples are frequency hopping spread spectrum systems, 
multiple access communication systems based on FSK modulation and pulse position modulation systems. 
In such situations important parameters which affect the system performance are HA and HC 
which are defined as follows. Let F be a family of sequences, HA^^ and HC^^^ are given by 

(2.5.8) 

HC = max {H, Jr), either A ^ B or t # 0 } (2.5.9) 

A , Be F 

A good sequence design is the one which minimizes Lempel and Greenberger [2] have derived 

lower bounds on the HA^^ and for sequences over alphabet of size Q of period L. Families of 

sequences meeting this bound are called as optimal families of sequences. 

Lower bounds on HA and HC : [2] 

Theorem: 2.5.4: (Lempel and Greenberger [2]) Let A and B be two sequences of period L over an alphabet 
of size Q, and let W'^ and be weight vectors associated with A and B respectively. Then for a family 
of sequences {A,B} 

^ (L-b)(L+l>^)/Q(L-l) (2.5.10) 

where b is the least nonnegative residue of L mod Q, and 


®'CmaxH^2L)/(3L-2) 


( 2 . 5 . 11 ) 
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Q-l 

where 0 = (W^ w'^ + (w‘^)^+ (w'^)^). Note that we may assume > w^ > > >Wq, where w'^ is 

i =0 

the number of symbol a. € Q. Furthermore, the right hand side of (2.5.11) is minimized whenever the 
following conditions are satisfied 

1) wf - w^ < 1 

A B B B B 

2) the w'v’s are increasing order < <Wq. 

3) wq-w^<l. 

For L = V'^— 1 and Q = V^, the above ineqalities become [2] 

HA > (2.5.12) 

HC > V'“^. (2.5.13) 

max “■ V / 


2.5.3 Linear Complexity 

Definition: Linear Complexity: The linear complexity of a sequence S = { i 6 of period L over any 
ring is defined as the least numbei^ stages required generate the sequence using linear feedback shift 
register (LFSR). A LFSIl of length mirshown in Fig 2,5.1. 

A LFSR of length m with initial loading generates S if it follows linear recursion 


m 

s^. = -Sc .s^.. 

m+j m— 1 m-fj—i 


(2.5.14) 


where i coefficients of the LFSR. The associated connection polynomial is C(x) 

given by Cq + Cj X + ... + x’®'”^ + x”. Let S(x) = s^^^ + Sj ^_2 x + s^_ 2 X^^ + ... + s^ x^~^ be a 

polynomial associated with the sequence S. Then it is easy to verify that a LFSR with connection 



® is multiplication in ^ 


Fig 2.5.1 LFSR of Length m 









Chapter 3 


Maximal Length and Allied Sequences over and Zg 


This chapter is concerned with construction of maximal length and allied sequences over and 
their periodic correlation properties. Galois extension rings of play an important role in various 
constructions. Relevant algebraic properties of the Galois extension ring of are given in Appendix A. 
Families of sequences derived from maximal length sequences over which can be used in quadriphase 
modulated communication systems are discussed in detail. Families derived from sequences over Z^ can be 
used in octaphase modulated communication systems. 

The chapter is organized as follows. Essential mathematical background required for the chapter is 
given in Section 3.1 and 3.2. Properties of Galois extension ring of of degree r, denoted as GR(4,r), 
needed for the chapter, are briefly reviewed in Section 3.1. Relevant properties of an algebraic Abelian 
association scheme defined on the elements of GR(4,r) are given in Section 3.2. Families of trace function 
sequences are defined in Section 3,3. Trace functions (given in Appendix A) over GR(4,r) and the Abelian 
association scheme are used extensively in Sections 3.4 and 3.5 to define various families of quadriphase 
sequencs and to obtain their correlation properties. Section 3.4 presents a family of L+2 maximal length 
sequences (m-sequences) over Z^ of period L = 2^—1. The Abelian association scheme on the elements of 
GR(4,r) has been used to calculate crosscorrelation and out-of— phase autocorrelation values of sequences. 
Section 3.5 deals with the construction of sequences with period 2(2*^— 1). The correlations are computed 
from the analytical correlation expressions for m—sequences. Maximal length sequences over Zg which can 
be used in octaphase communication systems are discussed in Section 3.6. Subsets of maximal length 
sequences over Zg are identified which satisfy Welch bound with equality. 

3.1 Salient Features of Galois Ring GR(4,r) 

This section briefly reviews essential structural properties of Galois ring of of degree r, denoted 
as GR(4,r), as required for this chapter. Essential properties of general Galois ring GR(2*',r) are given 
Appendix A. 
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PI: For every positive integer d, there is a natural inclusion of GR(4,r) into GR(4,dr), similar to Galois 

fields [87,88]. In other words, every subring of GR(4,r) is of the form GR(4,s) for some divisor s of r. 

Conversely, for every positive divisor s of r, there is a unique subring R which is isomorphic to GR(4,s). 

P2: There is a natural homomorphic mapping, denoted by ", from GR(4,r) to GR(2,r) which takes 

GR(4,r) to the residue field GF(2'^). It is given by a = a mod 2, a € GR(4,r) [87,88]. 

P3: The only non— trivial ideal of GR(4,r) is the set of zero divisors in GR(4,r), i.e., {0, 2, 2a, 2a ,..., 

2q^ where a is ^n unit^ielement of multiplicative order 2“^— 1 in GR(4,r). It is denoted by < 2 > and is 
isomorphic to the finite field GF(2'^). -• 

Proof; That < 2 > is an ideal of GR(4,r) is easily verified. The result then follows from the fact that 
GR(4,r) is a local ring. □ 

P4; In GR(4,r), 2a = 0 if and only if a e < 2 >. 

Proof: Prom the facts that < 2 > is an ideal of GR(4,r) and that GR(4,r) is of characteristic 4. □ 

P5: GR(4,r)\< 2 >, where \ represents set theoretic subtraction, is the group of units of GR(4,r), 

denoted by GR (4,r). 

Proof: Follows from P3 above. □ 

P6: GR (4,r) can be written as the direct product of two groups G and G ; GR (4,r) = G ® G , where G 

C tt CO c 

is a cyclic group of order 2’^-l and is an Abelian group of order 2^. G^ itself is a direct product of r 
cyclic groups, each of order 2; its elements are given by 

{1, (l+2(a‘); i = 0, 1, .., 2‘^-l)} (3.1.1) 

where a is a primitive element e G whose multiplicative order is 2^—1. Since 2a‘ e < 2 >, elements of G 

axe alternatively given by the set 

{(1 + (/?));/?6<2> = GF(2^)} (3.1.2) 

Also, for any a e G^, a = 1 (identity of the ring) and thus there are exactly 2^ cyclic subgroups order 2. 
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%> 

P7: Every unit element u belonging to GR (4,r) may be written as aa, where a € G^, a 6 G^. 

4s 

Proof: Follows from structure of GR (4,r). □ 

P8: Every non— zero element of GR(4,r) may be written as u*2\ where u is a unit and t is either 0 or 1. 

In this representation t is unique and u is unique modulo (2 ). 

Proof: Follows from structure of GR*(4,r), and P3, P4, and P5 given above. □ 

P9: non-zero squares in GR(4,r). 

Proof: Follows from the structure of GR (4,r), and the fact that square of any element of G^ is unity. □ 

PIO: By using the natural ring homomorphism from GR(4,r) to GF(2‘^) (‘ : reduction modulo 2), the 

elements of G are given by the set 

Qt 

{1, (1 + 2(;))a € G^} = {(1 + € GF(2')} (3.1.3) 

r 

If a. € G^i i = 1, 2, , r, then 11 a. = 1 + E (a.-l) = 1 + 2 (E ap , where a. = (1 4- 2 a?). Hence, the 

izzl 

multiplication in G is related to the addition in GF(2'). Also the representation of (3.1.3) induces an 

CL 

isomorphism between and the residue field GF(2''). This isomorphic mapping from G^ to GF(2'^) is 
denoted by ", ie. if a = (1 + 2 a’), then a = a’ 6 GF(2'). 

Pll: Product representation of G^: Let {1,^3^}, {L/Jj}! •■•i ^ cyclic component subgroups of 

such that G = {l,;0,} * ... ® {^,0 }, where « denotes direct product symbol. Then for any a 6 G 

has a product representation (ajj,a^,...,a^_j) with 0 ^, 0 ^, ■■■> 0 ,. basis, such that 

a = (/3j)®’o (/Jj)^! ... (/^j)*r~i, where a. are either 0 or 1. (3.1.4) 

Proof: Follows from the direct product structure of G^. q 

Pl2: Condition for a set of elements of G^ to constitute a basis for product representation: The 

subgroups 3je component subgroups of G^ of order 2, if and only if set of 

elements { 0 ^, 0 ^, , 0 ^} constitutes a basis in GF(2*^), where each /?. = (! + 2^.). 

Proof: Follows from the isomorphism ' between G^ and residue field GF(2’'). Note that the multiplication 
of any two elements from is same as the addition of the corresponding elements of GF(2^). □ 
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P13: Let the elements 1, a, be standard basis elements of GF(2'^). Then from the PIO, the sets 

{1,1+2}, {1,1+2 (q)}, {l,l+2(tt‘^~^} are cyclic component subgroups of and hence any element of 

G ^ can be written as 
a 

a = (3)^0 {l+2{a))\ (1+2(q'~^))Vi (3.1.5) 

where a|_ are either 0 or 1. This representation is called standard product representation of G^ analogous to 
the standard basis representation of GF(2^). 

P14: Finding a product representation of G^ given a basis element 0^ — j'. Here the problem is to 
choose remaining elements ^^,...0^, such that elements 7 constitute a basis for GF(2'^). These 

elements are derived from the standard basis representation of 7 as follows. Let 7, in the standard basis 
representation, be equal to 7 = 7^ + 7^0^ where 7. are either 0 or 1. By collecting 7.’s which 

have a value 1, 7 can be written as 7 = 7,0:'^ + + .. + 7.,Q!*\ where 7.. = 1 ; 1 < j < t. and 7.. = 0; 

j>t. Now choose 0^ = a*''. It can be verified that the set {7, 

P^} constitutes a basis for GF(2'). Hence, any a 6 G^, can be expressed as 

a=(7)“0(/3/l....(/?/r-l (3.1.6) 

A trace function maps elements of GR(4,r) to one of its intermediate subrings. The definition and 
properties of trace functions are given in Appendix A. Following definition of trace number of any unit 
element will be useful later. 

Definition 3.1.1: Trace number; The trace number associated with any unit element u = an, a € G^, 
a 6 G^, is defined as value of trj(a), where a represents the isomorphism between G^ and GF(2'^). It is 
either 0 or 1. 

3.2 Association Schemes on Abelian Groups 

Definition and relevant results of Abelian association schemes are given in this section. For more 
details on Abelian association schemes refer [22,24,89,90,]. An association scheme defined on the elements 
of GR(4,r) is considered and its relevant properties are given. This scheme has been used extensively in 
Sections 3.4 and 3.5 for computing correlation properties of various families of sequences. 
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Definition 3.2.1: An Abelian association scheme with n+1 classes on a Abelian group G, denoted by (G,r), 
partitions cartesian square G (set of all 2-tuples over G) into n+1 classes r^, F^ (F^ being the 

diagonal class given by {(x,x); x € G}) satisfying following conditions. 

i. Given x 6 G, the number v. given by |{(x,y) 6 F., y 6 G}| depends only on i, where |{.}| 
represents cardinality of the enclosed set {.} 

ii. Given x,y e G with (x,y) e Fj^ , the number given by |{(x,z) € F. and (y,z) £ F^ z e G}| is a 

k 

constant p. . depending only on i, j, and k. 

hi. The classes are invariant under translation in G ie. (x,y) 6 F. (x+z,y+z) e F.. 

If a 2— tuple (x,y) 6 F., then x and y of G are called as i^^ associates. 

It is convenient to represent these classes by adjacency matrices. The adjacency matrix corresponding to 
the class F. is of size [ G | and is denoted by D.. The entries D.(x,y)i x,y 6 G, are equal to one if (x,y) 6 F. 
and are zero otherwise. Thus is the identity matrix I of order | G | . In view of condition (ii), the (x,y)*'^ 
entry in the matrix product D.D. or D^D. is given by p^ ^ if (x,y) 6 Dj^. Thus we can write 

D.D. = D.D. = S p'^ . D, (3.2.1) 

1 J J 1 *>J k ^ ' 

The commutating matrices D^, D^,..., D^ span n+1 dimensional algebra, called Bose-Mesner (B-M) 
algebra (22,89,90], 

3.2.1 Characters of Finite Abelian Groups 

A character x of 3, finite Abelian group G is a homomorphism of G into the multiplicative group of 
complex roots of unity, i.e. x(x+y) = x(x)x(y) holds for all x,y e G. The set G’ of all characters, 
constitutes a group isomorphic to G with respect to multiplication defined as follows: 

for X, V' 6 G’, (x V')(x) = x(x) V<x), for all x 6 G. 

The image of x 6 G under the isomorphism G — > G’ is denoted by x so that x X ~ X j. every 
X, y e G. Thus 

Xx+y(z) = X^(z)Xy(z), 

Xjjly+z) = Xx(y)X 3 ,(z). for all X. y, z 6 G. (3.2.2) 

Let S denote the square matrix of order | G | with entries X^^Cy) indexed by the elements x, y £ G. 
From the orthogonality relations satisfied by the characters of G, it is easy to show that S S = S S = 
|G| I, where S is the conjugate transpose of S. Theorem 3.2.1 gives eigenvectors of Abelian association 


scheme on G 
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Theorem 3.2.1 [90]; All the matrices in the B— M algebra (of adjacency matrices {D^, k € X} of the 
Abelian association scheme on G have the same set of eigenvectors. They are given by the columns of S. 

tk 

The z eigenvalue of Dj_ is given by 

P (z) = S xJz) i 2 6 G. (3.2.3) 

Proof: It is sufficient to prove the above result for the adjacency matrix of the Abelian scheme. From 

Definition 3.2.1 (Part iii) and (3.2.2) we have, S D (x,y) x„(z) = ^ 

y€G ^ uePj, * ueTj^ 

Hence the column vector in S is an eigenvector of D^. The corresponding eigenvalue is given by the 
summation S Xy(2) over all u € Tj.. □ 

3.2.2 An Association Scheme Defined on the Elements of GR(4,r) 

We consider an association scheme with the elements of GR(4,r) as the points of the scheme. The 
classes of the scheme depend on the following partition of GR(4,r) 

1. 2^ subsets corresponding to each elements of G^: 

[a] = a*(Gp ;ae G^, (3.2,4a) 

where G^ and are cyclic and Abelian component subgroups of GR (4,r), the group of units of 
GR(4,r), of order 2’^~1 and 2^ respectively. 

2. A subset consisting of proper zero divisors: [e] = < 2 > - {0} (3.2.4b) 

3. The zero subset: [oo] = {0}. (3.2.4c) 

The 2^+2 subsets in (3.2.4) partition GR(4,r) corresponding to the equivalence relation a ^ if and only if 
qG^ = /3G^. 2'^+2 classes (X) are defined corresponding to 2’’+2 subsets in (3.2.4); two elements a, /? e 
GR(4,r) are called class associates, (a,/?) 6 P^, if o-j? e [xj. The scheme is denoted by (GR(4,r),X). 
Note that in the scheme (GR(4,r),X), (a,/?) € ■«» (a+5),(/3+5)) € P^; a, P, 6 £ GR(4,r). Thus the 

scheme (GR(4,r),X) with 2^+2 classes is accordingly an Abelian scheme on the elements of GR(4,r) 
(written additively) which is invariant under translation in X. Characters of the Abelian group GR(4,r) 
are given by 

Xy(x) = ; a; = x,y 6 GR(4,r) (3.2.5) 

Let I, E (corresponding to classes [oo] and [e] respectively), and for each a € G^ be the adjacency 
matrices of size of the Bose-Mesner (B— M) algebra of the scheme. Liebler and Mena [40] have 
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computed the relations connecting the adjacency matrices of the B-M algebra in the context of 
constructing certain distance regular graphs of girth 4. 

For a, b, c e X, define n(a,bic) to be the number of times a fixed element of claiss [c] occurs in the 
Caley table of [a]+[b]. This number is independent of the element of [c] that is chosen, since in ([a]+[b]), 
the occurrence of any element of [c] implies the occurrence of all the elements of [cj. The commutative 
property of GR(4,r) implies n(a,b;c) = n(b,a;c). Various structural constants n(a,b;c), a, b, c 6 X, are 
computed in [40], and they are reproduced in the following Lemma 3.2.1 below without proof. The 
constants given in Lemma 3.2.1 are the intersection numbers of the scheme; n(a,b;c) = 


Lemma 3.2.1: (Liebler and Mena) [40] 


1) n(!B,w; x) = 

2) n(e,e,x) = 

3) n(e,a; x) = | J ! 


0 if w ^ X 

1 if w = X. 

0 if X ^ c , 0 D 

2^’— I if X = OD 

2^-2 if X = e 

if X = a , c, or CB 
if otherwise 


for any a E G 

for any a E G ’ 
a 


4) ii(a,b; ao) = | 

5) n(a,b; e) = | J 


i f b = 3a for any a,b E G 
otherwise for any a,b E 

i f b = 3a for any a,b £ G 
otherwise for any a,b E G^’ 


6) n(0,0;0) = 0. 

7) if a,b,c,d € then n(a,b;c) = n(ad,bd;cd). 

8) Let a,b £ G,. Then nWa; b) = { ; 

9) lel a.b 6 G„, a # b. Then n(a,a; b) = { ^ “W. 

10) Let a,b,c e G„, a i b,3b. Then 

1 if c =: a, b. 

n(a,b;c) = * 2 if c ^ a, b, tr(a b-fac-fbc) = ti(c). 

0 otherwise . 

where " represents the isomporhism between G^ and GF(2'^). 


Using (3.2.1) and intersection numbers given in Lemma 3.2.1, following matrix equations 
connecting adjacency matrices of the scheme (GR(4,r),X) are derived in [40]. 
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Lemma 3.2.2: (Liebler and Mena) [40]: For each a € 

1) = A, , E = e'^, EJ = JE = a J= JA = (2^-1 )J (3.2.6) 

2) E^ = (2-1) I + (2"-2) E (3.2.7) 

3) A^E = J-I-E-A^ (3.2.8) 

4) A^a'^ = (2"-2)I + J - E - A^ - a'^ (3.2.9) 

+ (3.2.10) 


where " represents the isomporhism between and GF(2*^) and J is the all 1 matrix of size 4^ by 4^. 

Additional results needed on adjacency matrices are given in Lemmas 3.2.3 and 3.2.4. 

Lemma 3.2.3: For all a € G^, 

1) A^A^^ = E - ( A^+A^^) + 2( S AJ, (3.2.11) 

7 # 1,3 _ 

where c’s are such that tr(a (7 + a) + 7 c) = tr(c). 

2) S A = J - (I + E) (3.2.12) 

a£G “ 

3) E AA =2^E + (2^-2)(J-I-E);7=^l,3 (3.2.13) 

a 6 G 

a. 

where " is the isomorphism between G^ and the residue field GF(2'^). 

Proof: (3.2.11) follows from Lemma 3.2.1 (Paxt 10) and (3.2.1). (3.2.12) is true, since, SA^ = J, the 

matrix of all I’s. Substituting a = 1, in (3.2.11) gives A, A = E — (A 4-A ) + 2( S A ), where c’s 

1 17 1 17 c 

7^1.3 a 

are such that tr(7 c) = tr(c). Then by using Lemma 3.2.1 (Part 7), A A can be written as A A = E - 

(A^ + A ) + 2( S A ), where c’s are such that tr(7 c) = tr(c). Taking summation of A^A over all 

c6G ' 

the elements of G , and using (3.2.12) readily yield (3.2.13). □ 

Let G^(0~^) be the set consisting of all those elements of G^ whose trace number is 0. This set is 
closed under multiplication. Similarly, let G Jl~^) be the set consisting of all those elements of G^ whose 
trace number is 1. 

Lemma 3.2.4: For 7^ 1,3 with tr(7) = 0, 

S A^A^^ = (2'~^)(J-I-E) + 2"“^ E - £ 2A^ (3.2.14) 

a€G^(0~b aeG^(0~b 

£ A A ^ = (2'“^)(J-I-E) + 2"“^ E - S 2A 

a€GJl ') a€G^(l 


(3.2.15) 
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Proof: As in the proof of Lemma 3.2.3, can be written as 

= E - (A. + + 2(J^ A J, (3.2.16) 

a 

where c’s are such that tr (7 c) = tr(c). The summation of the third term in the RHS of (3.2.16) over all 
a € 1 is given by S ( ^ca^’ where c’s such that tr (7 c) = tr(c). We first show that in the set of 

elements given by {c, c € such that tr (7 c) = tr(c)}, the number of elements with trace number 1 is 
equal to that with trace number 0 . There are exactly 2 "'”^ such elements because they are the solutions of 
the polynomial equation 

( 1 + 7 ) X + ( 1 + 7 )^ + ••• + ( 1 + 7 )^ ) = 0 (3.2.17) 

over GF( 2 '^) of degree Also the solutions are closed under addition. Thus it is sufficient to show that 
there exists at least one c whose trace is one. Assume that trace of all solutions of (3.2.17) is equal to zero. 

2 2"^”^ 

Then this implies that they are the solutions of a polynomial equation (x + x + ... + X ) = 0 over 
GF( 2 ^). But they are also obtained as solutions of (3.2.17). This implies that 7 is identically equal to 0 , 
which contradicts the fact that 75 ^ 1 , 3(1 = 0 , 3 = 1 ) and we are done. Thus summation 
i) ( S A ) can be written as E S (A +A , ), where c’s and d’s have complementary 

trace numbers. As ’a’ spans whole of G^(0“^), ’ca’ and ’da’ span entire G^. Thus from ( 3 . 2 . 12 ) the 
summation becomes 2‘^“^(J— I— E) as required. Now consider summation of second term in (3.2.16) over 

1 •' ^ * 1 

G ^(0 ). Since tr( 7 ) = 0 , tr((a 7 )) is also 0 . Hence summations S and S A^^ over G ^(0 ) are equal. 

Taking the summation of first term in (3.2.16) as in the proof of Lemma 3.2.3 completes the proof of 
(3.2.14). Similar argument applies to (3.2.15) since tr( 7 ) = 0. □ 


3.3 Trace Sequence Families over 

This section defines a family of sequences associated with any unit element a belonging to GR(4,r) 
by making use of the trace function given in Appendix A. The sequences are generated as the trace of 
successive powers of a; the multiplicative order of a determines the period of the sequences. Since is a 
local ring, any family of trace sequences over includes sequences over its ideals also. The sequences 
over the ideal isomorphic to Z^k, 1 < k < k, are denoted as (k— /c)*^ level sequences, and accordingly, there 
are totally k level sequences. A « level sequence associated with a unit element a e G^ of GR (2 ,r). 
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= {s^} (isomorphic to a sequence over Z^k— «) is given by s^= tr^(2\a‘); i € where L is the period 
of a. It is clear that the total number of sequences in the family is. (2^^— 1 / L). ; „ 

The trace sequence generated by an element a satisfies a linear recursion over given by 

r— 1 

8. = - S c. s. c. e , j = r, r+1, ... The corresponding connection polynomial C(d) is given by 

r— 1 

d"^ + Sc. d\ which is the minimum polynomial m (d) of degree r over Thus C(d} = m (d) = 
i=0 * “ ^ a 

(d-Q)(d-n(a))...(d-/“^(a)). 

3.4 Families of Maximal-length Sequences over 

This section deals with the ring 22k when k = 1. If a primitive element, a e is chosen for trace 
sequence generation, the resulting sequences are called maximal length sequences (m-sequences) over Z^. 
A family of m-sequences over [MidJXiWy) is a collection of 2’'+! sequences, each of period 2^—1. This 
class includes an m— sequence over Z^, the binary field. An m-sequence associated with an element a, = 
{s.}, is given by s. = tr^(aa“); i € distinct zeroth level sequences are given by the set {S“’, a € 

G^}, where G^is the Abelian component group of GR (4,r), which accounts for 2 sequences. Unique first 
level sequence S is isomorphic to a binary m-sequence. Schematic diagram of m— sequence generation over 
Z^ is given in Fig 3.4.1. For computing correlation properties of m— sequences, following definition is 
helpful. 

Definition 3.4.1: Trace number of an m— sequence S“: The trace number of a Z^ m— sequence S“; u £ 
GR (4,r), is defined as the trace number of u. 

3.4.1 Number of Cyclically Equivalent Families 

Two families are cyclically equivalent if the sequences of one family are obtained as cyclic shifts 
of sequences in the other. This is possible if and only if their linear recursions match. Two families 
and have same linear recursion if and only if is an automorphism of a^. Hence m-sequence families 

i £ , are all cyclically equivalent. There are exactly ^(2^—1)/t distinct families, where (}> is the 

Euler’s (j) function. 
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Index element: 



r 

S: Switch Board to select one of the 2 zero level sequences 

b ,b b : Basis elements of Standard Product 

1-... 2 -r-" 

Representation of G 

a 

Switch Arrangement 
A B 

: ! ! ' " i 

Closed i Open | Zeroth level sequence ! 

I ^ I i I 

^ I Closed I First level sequence i 


Fig 3.4, 1 Schematic Diagram of m-sequence Generation over 
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3.4.2 Correlation Computations of m-sequences over 

Analytical closed form expressions for correlation transform (K) of m-sequences over are derived 
in this section. The linearity property of m— sequences and the fact that the ring is a matched ring for 
quadriphase design, make the crosscorrelation computation of m— sequences equivalent to computation of H 
of m— sequences. (Note that K is a property of sequence, whereas, the crosscorrelation and autocorrelation 
values depend on K of difference (point wise subtraction) of two sequences). Determining the H of 
m— sequences is equivalent to finding the weight vectors associated with the sequences (See (3.4)). In the 
binary case, there is only one cyclically equivalent m-sequence, and hence, calculation of weight vector or 
H does not pose a serious problem (H of a binary m— sequence is —1). But in this case, there are 2*^+1 
sequences; and calculation of weight vectors or H, at the outset, appears to be quite a formidable 
combinatorial task. Here a recourse into the theory of algebraic association schemes is taken for H 
computations. We make use of the association scheme (GR(4,r),X) given in Section 3.2. In the sequel, it 
will be shown that H of m— sequences are same as the eigenvalues of the adjacency matrices of the 
association scheme (GR(4,r),X). The approach is similar to one used by Sole [31 for calculating correlation 
properties of m-sequences of period 2‘^-l; r an odd integer. 

Jn iasociation Scheme over m-sequences: A 2“^+2 class association scheme with a ground set is 
considered. Points of the scheme are all shifts of m-sequences, including the all zero sequence (points are 
all codewords of cyclic code (2'^— l,r,3) over Z^), which accounts for a total of 4*^ points. Each class consists 
of a cyclically distinct m— sequence and all its cyclic shifted versions. Two sequences are i*^ associates if 
their difference belongs to i*^^ cyclically equivalent class. It is easy to verify that the scheme defined above 
is isomorphic to (GR(4,r),X) (Section 3.2). Thus, for the computation of intersection numbers of the 
scheme, it is advantageous to consider the scheme (GR(4,r),X). Following theorem relates correlation 
transforms of m-sequences with eigenvalues of the scheme. 

Theorem 3.4.1: The eigenvalues of the scheme (GR(4,r),X) are the correlation transforms of the 
m-sequences, and the eigenvalue distribution of adjacency matrides A , a 6 G gives the set of cross 
correlation values between an m— sequence, S*, and all the phases of m-sequences induding the all zero 
sequence. 

Proof: First part of the theorem is readily obtained by substituting (3.2.5) for the eigenvalue expression in 
the Theorem 3.2.1 ((3.2.3)). By substituting (3.2.5) in (3.2.3), thez**^ eigenvalue Pjj,(z) becomes 
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P. (z) = E (3.4.1) 

u6[k] 

which is equal to K(s'‘*) as required from (2.1.7). The crosscorrelation values between a sequence S“ and aU 
the cyclic shifts of sequences in the family including the all zero sequence S®; is given by the set: 

{C^^(r), r 6 '^ 2 r—v 3^1 b € {JCU S*^)}. Equivalently, from (2.1.11), it can be written as 

{H (S'^-T^B)), r e Z 2 ,_j , B 6 ( S°)}, (3.4.2) 

where represents shift. Since Jifis a linear family, cross correlation values belong to the set: 

{H(t\b)), B e ( 0 )} = { 11(S*), z 6 GR(4,r)}, (3.4.3) 

which is precisely the set of eigenvalues of A^, where a is not a zero divisor. □ 

Thus a relation between the H of the sequences and the eigenvalues of the scheme is established. 
Now it only remains to calculate the eigenvalues of adjacency matrices of B-M algebra with its 
multiplicities. 

Theorem 3.4.2: The correlation transform values of all phases of ( J(\J S®) is given in Table 3.4.1. 

Table 3.4.1 

Correlation Transform Distribution of All 
Phases of m— sequences over of Period 2*^—1 


r = 2t+l an odd integer 

r =2t an even integer 


No of occurrences 


No of occurrences 

2-1 

1. 

2-1 

1. 

-1 

(2-1). 

-1 

(2^-1) 

2^-1 + w 2‘ 

2‘-1(2Vi)(2"-1). 

2‘-l 

2‘"^(2‘“4i)(2-1). 

-2-1 - w 2‘ 

2‘"\2-l)(2 -1). 

-2*-l 

2t-l(2t-l-i)(2r-i) 

2-1 - a; 2‘ 

2*“^(2‘+1)(2-1). 

-1 + w 2‘ 

2^t-2(2''_i). 

-2‘-l + w 2‘ 

2‘“'\2-l)(2"-l). 

-1 - w 2‘ 

2^‘~^(2"-l). 
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Proof: From the Theorem 3.4.1, it is sufficient to compute the spectrum of any incidence matrix A^, a is 
not a zero divisor. Spectrum computations are given below 

Case I (r odd, r = 2i+l): 

Eigenvalues of E : If (a+wb) is an eigenvalue of A^, then eigenvalue of A^^ is (a— wb), since A^ = A^. 
Also since e"^ = E, any eigenvalue of E can only be a real number. Then, from (3.2.7), we get a^ = (2"^-!) 
+ (2^—2) a, which has solutions at a = — 1 or 2'^— 1. 

Eigenvalues of A ^: Since [2a] = [e], A^ has —1 as its eigenvalue with multiplicity 2^—1. Let A = (a+wb) be 
an another eigenvalue of A^, then from (3.2.9) we have 

a^ + b^ + 2a = 2"-!. (3.4.4) 

Also, since r is odd, the trace numbers of a and 3a are complimentary, and hence from (3.2.10) we have 

aJ + A^ =2E+2.^g^,,A,,bfG^ (3.4,6) 

= 2(J-I)-2 (A_ + A,_); 

where J = SA^ + I + Eis the all 1 matrix of order 4', and a is the trace number of a. The above equation 
in terms of eigenvalues can be written as 

2(a^-b^) + 4a = -2. (3.4.6) 

The solution of (3.4.4) and (3.4.6) yields the result. 

Multiplicity calculations: In all multiplicity calculations in this proof, the use of the relation 
TRACE(A^) = 0 is made, where TRACE(A) is the sum of all diagonal elements in A. The eigenvalue 2'^—! 
occurs once and the eigenvalue of —1 due to E, occurs 2''—! times. Let m^^ and m^ be the multiplicities of 
eigenvalues 2*-l + w 2* and -2*— 1 — w 2*^ respectively, then TRACE(A ) = 0 implies 
(2^-1) 2mj - (2*^+1) 2 m 2 = 0, and 2mj^ + 2 m 2 = 4^ - 2^, 
solutions of which yield the result. 

Case 11 (r even, r = 2i): 

Eigenvalues of E remain same as in the previous case. 

Eigenvalues of A ^: Since r = 2t, trace numbers of a and 3a are not complimentary and the (3.4.5) no 
longer holds. Thus, consider two adjacency matrices A^ and A^ such that trace numbers of a and c are 
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complementary. Then using (3.2.10) we can write 

= 2E + 2 ,E , A, ; b € G„ 

=:2(J-I)-2(A^ + A^) (3.4.7) 

where J=SA^ + I + E, the all 1 matrix of order 4^ Let = (a + w b) and X^= (c + w d) be 
eigenvalues of A^ and A^ respectively. Applying and in the above equation gives 

a2 + c^ - b^ - d^ + 2 a + 2 c = -2, (3.4.8) 

2(a b“i"Cd'+'b“Hd) = 0. (3.4.9) 

Also, applying A and A^ in (3.2.9) results 

a^ + b^ + 2 a = 2’^-!. (3.4.10) 

c^ + d^ + 2 c = 2^-1. (3.4.11) 

Simplifying (3.4.8), (3.4.10) and (3.4.11), we get b^ + d^ = 2^*', this is possible if and only if b=0 or d=0 

t 2 2 t 

since b, d, and 2 form a Pythagorean triplet and b +d =0 mod 4 [91]. Let b = 0, then d = + 2 . 
Substituting these in (3.4.10) and (3.4.11) does the job. 

Multiplicity calculations: In this case also, 2^—1 occurs once and —1 occurs 2’^—! times. Let m^, m^ 
be multiplicities of eigenvalues 2‘-l, -(2*+l), (-1 + w 2*^) respectively. TRACE(AJ = 0 implies 
(2^— l)mj, — (2Vl)m2 — 2m^ = 0, and m^ 4- m^ +• 2mg = 4'^-2^ 

From (3.4.1) and (3.4.3), the eigenvalues of A^ are given by the set {11(S“'), z 6 GR(4,r)}. Also it is easy to 
see that all S* with K value (—1 + w 2^) have the same trace number. If not, there exist two sequences of 

different trace numbers, and S*^ having the same H value as (—1 + ui 2*). Then applying this in (3.4.7) 

results in contradiction. There are exactly 2’^~^(2’^— 1) sequences S* which have the same trace number. 
Hence 2 m^ = 2‘^“"^(2'^-l). Applying this in previous equations yields the result. □ 

Theorem 3.4.2 gives K’s of of all 2'^—! phases of m-sequences. But to get K transform distribution, 
these 2^—1 phases need to be divided from the multiplicities given in the Table 3.4.1. Also note that the 
sequences in any subsets have a unique trace number. The tables of K and the weight distributions with 
trace numbers are given in the following theorem. They are given explicitly here since they are used in 
subsequent sections repeatedly. 
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Theorem 3.4.3: The and Weight distributions of m— sequences over of period 2'^— 1 are given in Table 
3.4.2. The trace numbers of sequences within any subset are same. Also subsets Si are called as 
complementary subsets to subsets St, c/respectively and vice versa, since, trace numbers associated with 
them are complementary to each other. For items 2 to 5, Wj^=2''~^— and W 2 = 2^^— 1— w^. For the item 
1 (corresponding to binary m-sequence), Wj = 2'^~\ and Wj = 0. 


Table 3.4.2 

Correlation Transform and Weight Distributions of m— sequences of Period 2^—1 

(a) r: odd integer, r = 2t+l 


SI. 

No. 

SUBSET 


No of seq’ 
in the SUBSET 

Trace 

Number 

^0 


1. 

binary 

-1 

1. 

0 

2-1-1 

0 

2. 

9 

2‘ -1 + w 2‘ 

2‘“\2*’+l) 


2— ^+2l~l-l 

2—2+21"! 

3. 


-2-1 - w 2‘ 

2‘~^(2‘-l) 


2r-2_2t-l-i 


4. 

St 

2‘ -1 - cj 2‘ 

2‘~^(2‘+l) 

1 

2— ^+2l“l-l 


5. 

<S’ 

-2-1 + w 2‘ 

2‘~^ (2*^-1) 


2r-2_2t-l_j: 

2 — ^+2l"l 




(b) r :even integer, 

r = 2 t 



SI. 

No. 

SUBSET 

h 

No of seq’ 
in the SUBSET 

Trace 

Number 

'^0 


1. 

binary 

-1 

1. 

0 

2—1-1 

0 

2. 

S 

2‘-l 

2t-l(2t-l_^l) 

e 

2— ^+21-1-1 

2—2 

3. 

S 

-2^-1 

2t-l(2t-l_i)_ 

$ 

2r-2_2t-l_i 

2-2 

4. 

St 

-1 + a; 2‘ 

2-2 

T 

2-2-1 

2—2+21"! 

5. 

<S’ 

-1 - w 2‘ 

2—2. 

? 

2—2-1 

2—2-21"! 


where ( is the trace number of sequences in the subset and is complement of 
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Proof: It is easy to show that m-sequences in any subset have same trace number. If not it leads to a 
contradiction of (3,4.7). Also in a similar way one can show that subset ^has sequences with same 
trace number (<^) and subset 5^ has sequences with trace number compliment to that of trace number 
of 3a Weight distribution is computed as follows. We have from (2.1.9), for any S^, K(S^) = (wq— W 2 ) 
+a^w^“W 2 ), and thus differences (w^-w^) and (w^-w^) are known from the H distribution. Also, the 
homomorphic mapping from to ('') takes to a binary m-sequence which has number of zeros one 
less than number of one^s. Under this mapping, elements 1 and 3 are mapped into 1, and, 2 and 0 are 
mapped into 0. Thus Wq + W 2 = and + Wg = Then by solving the above equations, w.’s, 

i € Z^ are computed. Only Wq and w^ is listed in the table for the rest is readily obtained from the above 
equations. □ 

Example S.4»l- m— sequences of period L = 7 generated by a 6 of GR (4,3), such that H-3a+2Q =a , 

2 3 

are given in Table 3.4.3. The minimum polynomial in^(d) is (3+d+2d +d ). 


Table 3.4.3 m-eequences of Period 7 (Example 3.4.1) 


SI. No 

(a) 

Sequence: Sll(S*)= 

^correlation transform 

1 

(1) 

2 2 12 113 

-3 + w2 

2 

3) 

2 2 3 2 3 3 1 

-3 - a; 2 

3 

(1 + 2a) 

2 0 1 0 3 3 3 

l-ij2 

4 

(3 + 2a) 

2 0 3 0 1 1 1 

1 -H Ct/ 2 

5 

(1 + 2a^) 

0 2 3 0 3 1 3 

l-u;2 

6 

(3 + 2a^) 

0 2 10 13 1 

1 + w 2 

7 

(1 +2a + 2a^) 

0 0 3 2 1 3 3 

1 - w2 

8 

(3 + 2a + 2a^) 

0 0 1 2 3 1 1 

1 + w 2 

9 

(2) 

0 0 2 0 2 2 2 

-1 


^ A 

Example S.4-i- m-sequences of period L=15 generated by a € G^ of GR (4,4), such that 3+a+2Q =a , 
are given in Table 3.4.4. The minimum polynomial m^(d) is (l+3d+2d^+d^). 
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Table 3.4.4 m-sequences of Period 15 (Example 3.4.2) 
Elements of GR(4,r) is represented as 4 tuples over 


SL No 

a 

S“ 

lt(S“) 

1 

;ioooi 

1 003023103213110 

3 

2 

3000 

1 001021301231330 

3 

3 

1200 

023001123031310 

3 

4 

3200 

021003321013130 

3 

5 

1020 

203203301031110 

3 

6 

3020 

201201103013330 

3 

7 

1220 

223221321213310 

-5 

8 

3220 

221223123231130 

-5 

9 

1002 

001221121033112 

-l+a4 

10 

3002 

003223323011332 

—1—iA 

11 

1202 

021203101211312 

-1+cA 

12 

3202 

023201303233132 

-l-iA 

13 

1022 

201001323211112 

—l+uA 

14 

3022 

203003121233332 

-1-(A 

15 

1222 

221023303033312 

-1-lA 

16 

3222^ 

223021101011132 

-l+uA 

17 

[2000' 

002002202022220 

-1 


We need the following theorem for later use. 

Theorem 3.4.4; The following results concerning the correlation transforms of m-sequences are true: 


E H(S“) = 0 

(3.4.12) 

aEG 

a 


£ K(S“) «(S“'^) = -2'’ 

(3.4.13) 

a€G 

a 


£ lt(S“) 11(8“'’') = -2"~^ - 0/2"), tr(7) = 0, r:odd 

s“e 3>U 3) 

(3.4.14) 

£ 11(S“) 11(8“'’') = —3 2^~^, tr(7) = 0, r:even 

(3.4.15) 


S^6 3.) 

where 7 jt 1,3. 

Proof: (3.4.12) and (3.4.12) are obtained by applying H(S“) in Lemma 3.2.3 as equations on the adjacency 

matrices of the B-M algebra are also satisfied by their eigenvalues (11(S*^) is an eigenvalue of A^). To prove 

(3.4.14) we observe that sequences in subset ( 3) have same trace number ( is either 0 or 1. In any 

case (3.2.14) or (3.2.15) is applicable. Applying K(S^) in (3.2.14) or (3.2.15) we get 

S 11(8“) 11(S“'>') = S 11(S“) K(S“'^) = - 2'-^ - 2 S 11(S“). From Table 3.4.2 the 

S“6 3>V 3) S“6 .£) 

summation S 11(S“) over 3is given by ( 2-1 + n;2‘) 2 ‘“^( 2 Vl ) + (- 2-1 - n / 2 *) 2*~^(2 -1). 
Simplification of this equation leads to (3.4.14). Similarly (3.4.15) can be proved. □ . 
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3.4.3 Correlation Distribution 

Correlation distribution of Jds a, collection of correlation values given by the set 

{C^j^(r), for all a,b 6 jK; r 6 (3.4.16) 

From (2.1.11), this set cam be equivalently expressed ais { K(S“ — S^) = 11(S*~^), for all a e (G^ U S^) and 
b e GR(4,r)\{0} }, where \ represents set theoretic subtraction. Since Mis a linear fanaily, for a fixed S® 6 
M, the set { 11(S^ - s’’), b e GR(4,r)\{0} } covers H of all phases of sequences in ( MV S°) except S^. 

Thus, the set (3.4.16) can be written ais 

{11(S°)}2'+^ U ({h(S^); b e MV s 2}(2'+1)(2"-1) ^ ^ g 

where the numbers in the superscripts indicate the number of occurrences. The distribution of values in the 
set {K(S“); a € G^ U S^} is given in Theorem 3.4.3. Hence the correlation distribution is obtained by 
multiplying (2^— 1)(2'^+1) —1 = 4'— 2 to all values in the ’no of occurrences’ column of Table 3.4.2. An entry 
of K(S‘*) = 2^-1 which occurs 2’’+! times needs to be added. The crosscorrelation distribution is given in 
Table 3.4.5. 


Table 3.4.5 Crosscorrelation Distribution of M 


r : odd integer, r = 2t+l r ; even integer, r =2t 


H No of occurrences K No of occurrences 


2"-l 

2"+l. 

2*’-! 

2"+l. 

-1 

(4^-2). 

-1 

(4'^-2) 

2*-l + uj 2^ 

2‘-1(2Vi)(4'-2). 

2-1 

2t-l(2t-l^l)(4r-2) 

-2-1 - w 2‘ 

2‘~^(2-l)(4'-2). 

-2-1 

2‘“\2‘“^-1)(4"-2). 

2-1 - w 2^ 

2‘“^(2Vl)(4-2). 

-1 + w 2‘ 

22t-2^4r_2) 

-2‘-l + w 2‘ 

2‘-1(2‘-1)(4-2). 

3 

1 

1 

22t-2^4r_2) 


/ 3.6 Families of Interleaved m-sequences 

I If an element 7a; ye G and a primitive element in G , is used in the trace sequence generation 

I Q C 

j method described in Section 3.3, the resulting sequences are of period 2(2’^—!). A zeroth level sequence 
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associated with a unit element a, IS^ = {s.}, is given by s. = tr|(a(7a)‘), i € '^ 2 ( 2 f—iy 7^ = i> ^ven 

index sequence bits are from m-sequence S* and odd index bits are from m— sequence 

gj. » trJ(a(o^)‘) = S^.i^'bitofS* (3.5.1J 

= trj( a7a (o^)* ) = 0 < i < 2‘— 1. (3.5.2) 

Hence these sequences are called as Interleaved m— sequences For each 76 3. distinct family of 

interleaved m-sequences, JJP can be defined. It is clear that there are 2''"^ sero-level sequences and are 
given by the set {IS*, a 6 Quotient group G^/(l,7)}. The elements in the quotient group G^/(l,7)} are 
generated using a product representation of G^. Find 0^,0 ^, e G^ such that G^ = 
■(1,7)®(1,j9,)®...»(1,j3 ) where * denotes direct product notation. Construction of product representations 

is given in Section 3.1. Then the elements of G^/(l,7) are given by 

I a. = {0^)h{0^f2...{0^Jr-l-, i = ij+ 2 i2+...+ 2^-2 i^_^, (3.5.3) 

2# I* 

where ij^ = 0 or 1, k = l,..,r— 1. A first level Im-sequence, IS , is a binary m-sequence of period 2 —1. 

Seneraiion of la-sequences'. The schematic diagram of Im-sequence generation is same as that of Ji, 
except here, index element for sequence generation is 1^70), and, the standard product basis elements of G^ 
used for sequence selection in schematic diagram of Ji, is replaced by a product representation of the 
quotient group G^/(l,7). In this case, there are only r— 1 product basis elements which selects one of the 
2 Im-sequences. 

3.5.1 Number of Distinct Families 

There are 2' Xiif families corresponding to each a € G^. Excluding a family corresponding to 7 = 1, 
which is JC, a. family of m— sequences, there are 2"^— 1 proper families. Moreover, there are N2(r) distinct 
primitive elements in G^ where N2(r) is the numbe^of primitive polynomials of degree r. Hence the total 
number of proper distinct families is given by 

= (2 -l)*N2(r) (3.5.4) 

3.5.2 Correlation Computation 

The K of Im-sequences are closely related to h of constituent m-sequences. Let IS* e then K 
of IS* is given by 
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K(IS^) = K(S^) + (3.5.5a) 

where and are the constituent m-sequences of IS“. Similarly weight vector of a IS^ is given by 

W(IS^) = W(S^) + W(S^'^) (3.5.5b) 

We have the following lemma for the crosscorrelation between any two Im— sequences. 

Lemma 3.5.1: Let X and Y be two complex valued sequences of period 2 ( 2 ’^—!) derived from Im-sequences 
IS^ and IS*’ respectively. Then, the crosscorrelation between X and Y is given by ~ 

R(S'^) + 11(S'^), where ?/ = (a - b( 7 a)’') (3.5.6) 

Proof: From (2.1.11), the crosscorrelation between X and Y, Cj^y(r), is given by K(IS^ — T’^(IS*’)) which 

is equal to «(ISMS*’^'’'“^ ). Using (3.5.1) and (3.5.2), this can be expressed as U(S^-S*’^'>'“^ ) + 
T"f“ 1 

j^(S®'7“_sM 70() ^ which is equal to H(S’^) + as required. □ 

From the above it is clear that the crosscorrelation between any two Im-sequences is always a sum 
of K of two m-Hsequences. At the outset it appears that 6 ^ ^^ for families is twice that of families. 
But, for some suitable choice of 7 , can be bounded to the Welch limit by making use of specific 
nature of H values of m-sequences. In the following, the K distribution of o7..^families is computed. 

From (3.5.5a) H of Im-sequence IS*' is the sum of S of two m-sequences and The elements a 
and 7 can be expressed as a = H-2a, 7 = 1+27 e G„, and thus a 7 = l+ 2 (a+ 7 ), where * represents the 
isomorphism between and GF( 2 ^). Now, if the trace number of a, tr(a), is ^ then the trace number of 
a 7 is ^ + tr( 7 ). Thus the trace numbers of constituent m-sequences of a family, are related through 
the trace number of 7 , and correspondingly, families are grouped under the following categories. 

Category 1 : Families X^'^'such that tr( 7 ) = 1 , 7 = ( 1 + 27 ): X^"^(tr( 7 )=l) 

Category 2 : Families such that tr( 7 ) = 0 , 7 = (1+ 27 ): Xif^(tr( 7 )= 0 ) 

Category 3: Family such that 7 = 3 : = 3) 

The family is considered as a separate category, since the trace number of 3 is 1 when r is odd 
and 0 when it is even. If the tr( 7 ) is 0, then )1(S^) and K(S®’'*^) belongs to the subsets with same trace 
number and if tr( 7 ) is 1 , then 11(S*) and K(S®^"*') belongs to the subsets with different trace numbers. From 
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Theorem 3.4.3, sequences in the subsets i°and .£have same trace number ( and those in subsets 5Jand c/ 
have a trace number compliment of i^. Consequently, if tr(7) is 1, both the constituent sequences can 
not belong to ^ or ie. in IS*, if S* £ (.5®U then necessarily 6 ( .^ U es^. For a 

notational sake, the constituent sequences of an Im— sequence IS*, S* and S* are called as associates; and 
if S* 6 i®, S*"^ € SL, this association is represented by ( 5J). Thus, if tr(7) is 1, the possible associations 
for constituent sequences of Im-sequences, are of types 5&), {^k {Jik ,%), {3k <^. Sinoilarly if 
tr(7) is 0, both the constituent sequences belong to either (J®U 3) oi {Si U q 5) and the possible 
associations are {3k 3^,{3k 3), {3k 3), {3k 3),{ <^fk {3k Thus H values, weight vectors of 
Im— sequences can be computed and subsets having common H value can be tabulated. Now it only remains 
to compute the number of sequences which have the same association. 

We shall first consider the case of 7 = 3, where the computation is relatively simple. In this case H 
of constituent sequences are complex conjugate of each other, since, if 11(S*) = a + w b, = a — w b. 

When r is odd, tr(3) = 1, and all the sequences in i®and .£is associated with sequences in and df 
rrapectively, since K of sequences in i®and 3^ and of sequences in iland <2)' are conjugate of each other 
(Table 3.4.2). Hence there are only two subsets ~3, in ^ distribution of Jji^{'y=Z), whose constituent 
associations are {3k 3) and {3k di) respectively, and | = ] 3\ and \~3\ = | 3\, where |x| 

represents the cardinality of x. Similarly, when r is even, tr(3) is 0 and we have three subsets '3, '3^ 
whose constituent associations are ( 3k 3), ( 3k 3) and ( 3k respectively. Thus we have | TP*] = 

I 3\I2 , \ ~3\ = I 3\l2 , \~3\ = I 3\. This way, the cardinalities of the subsets are computed and 
the results are tabulated in Table 3.5.3. When 7 3, the computation of distributions is not straight 

forward. We need the following lemma. 

Lemma: 3.5.2: The following results concerning the correlation transforms of Im-sequences are true; 

£ K(IS*) = 0 (3.5.7) 

S K(S*) K(S*''') =-2"“^ (3.5.8) 

^eGy{i,7} 

where are the constituent m— sequences of Im-sequences. 

Proof: From (3.5.5a), the LHS of (3.5.7) can be written as 

S H(IS*) = £ K(S*) + 11(S*'^) = £ 11(S*), which is equal to zero from (3.4.12). To 

aeG^/{1.7} aGG^/{l,7} a6G^ 
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prove (3.5.8), consider (3.4.13), S K(S“) K(S*^) = —2^. The LHS of this equation can be split up into 

a€G 

a 

two summands given by E K(S^) K(S*'^) + S K(S^) K(S“'^), which can be simplified as 

a€Gy{l,7} ae7(Gy{1.7}) 

S 11(8“) 11(8“'’') + S 11(8“'’') 11(S“), which in turn equal to 2 S 8(8“) 8(8“'*'). Then 

a€Gy{1.7} a6(G^/{l,7}) ae Gy{1.7} 

dividing 2 from both sides gives the desired result, q 
Case 1 (tr(^) = 1)\ 

From Table 3.4.2, it is seen that Im— sequences with associations ( ^), ( 5E), 

( give rise to distinct 8 values and subsets with these associations are correspondingly named as 

"2, ~3f. The problem here is to compute cardinalities of these subsets. Since there are 2’^“^ 

Im— sequences in any family, volume constraint implies 

I ■2>1 + 1 :e| + I + 1 -^1 =2^-^ 

When r is odd, 8 value and the product of 8 values of constituent m— sequences, of Im— sequences in the 
subsets "2; "3^, "^are as follows 

Subsets Association 8(IS“) 8(S“)8(S“'’') 

^ {9k. 3i) 2(2-1) 2’^‘''’'^-2‘'‘'^+1 

( 3k (9) -2(2Vl) 2^‘'''^+2*'’'^+l 

~9, { 9k c9) -2 + w2Vl -2’^‘''‘Vl - w2‘'''Vl 

^ { 3k 5t) -2-(.j2‘+1 -2^‘‘*'4i + w2‘'‘’Vi 

Relation | "^ [ = | "^| , is seen easily since any IS“ e "35 implies IS^“ £ "^and thus subsets "i^and 

have same number of sequences (Symmetry argument). Now applying these results in (3.5.7) and (3.5.8) 

yields 

2‘(l?|-|^l) = 2'-‘ 

|7'l + i:j| = l'3il + l'5'l=2|3i| = s'-* 

When r is even, 8 values of '2’and "35, and of "Sand are conjugate of each other. Thus by the symmetry 
argument, | '2* 1 = | *3^ | and | "2 1 = | "^1 , which then by using volume constraint implies 

\- 9 \ + \^\ = \-^\ + \-^\ = 2 ^-^. 


From (3.5.7) we have 


2 *(| \ ) = 2 ^-\ 
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Solving the above equations, for both the cases when r is odd and even, the cardinality of the 
subsets ^ are computed and the results are tabulated in Table 3.5.1. 

Case 2 (tT(j) = 0): 

In this case, there are five modified subsets having common R values; they are, with their constituent 
associations, given by "2=( jZ&c ^), 5?), g/=( g/), and a subset 

U ^ 3) ^ = ( }) where U represents set theoretic union. Again, the volume 

constraint implies 

i:?l + i:si + |-3j| + |-^l+(l srj + 1 I ) = 2^-\ (3.5.9) 

Also constituent sequences of Im-sequences in the subset ’5’U 3U accounts for all m-sequences from 
the subset 3 whose size is This along with (3.5.9) then implies 

I :^| + I ^1 I = 2'"^ = I "3^ I + I ■^l + ( I ^1 (3.6.10) 

Arguments for cardinality computations of subsets runs similar to the previous case, except here we have 
to make use of (3.4.14) and (3.4.15). Lemma 3.5.3 is useful for calculating cardinalities. 

Lemma 3.5.3: For 7 ^ 1,3 with tr(7) = 0, 

S H(S^) «(S*‘'’') = -2""^ - w (2'~^) ; r:odd (3.5.11) 

S K(S*) H(S“'’') = -3 2''“^ ; r:even (3.5.12) 

where summation is carried over all Im-sequences IS* in the subset ( "SU ^ ) and S* and S*^ are 
constituent sequences of IS*. 

Proof: Here we make use of equations in Theorem 3.4.4. From (3.4.14) S K(S*) ll(S*'^) = — — w (2^), 

where summations is carried out through all m-sequences in 3. LHS of this equations can be split up 

into S K(S*) K(S*'^) + S K(S*) R(S*'’'), where S* € (i*>U i^. As in Lemma 3.5.2 both 

a6Gy{l,7} a67(G^/{l,7}) 

summands are equal, and LHS of (3.6.11) is accounted in S K(S*) H(S*"^), since m— sequences of 

a€Gy{l,7} 

subset .2 are present only in the subset ( ~^IS ~3\J ^ ) as constituent m-sequences. Then divinding 2 
from (3.4.14) yields (3.5.11). Similarly (3.5.12) can be proved using (3.4.15). □ 

When r is odd, H value and the product of H values of constituent m— sequences, of Im— sequences in 
the subsets "2 , are as follows 
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Solving the above equations, for both the cases when r is odd and even, the cardinality of the 
subsets are computed and the results are tabulated in Table 3.5.1. 

Cast 2 ( tr('f) = 0): 

In this case, there are five modified subsets having common H values; they are, with their constituent 
associations, given by 1 ^ ^), o/), and a subset 

^ U ^ = ( 9^k. 3) ^ = ( d/') }, where U represents set theoretic union. Again, the volume 

constraint implies 

\^\ + \ ^\ + \ -M\ + \ -^\ +[ \ + I Zj I ) = 2^-\ (3.5.9) 

Also constituent sequences of Im— sequences in the subset ~3U accounts for all m— sequences from 
the subset 3 whose size is 2'^'“^. This along with (3.5.9) then implies 

1 :?! + 1 3 I 1 = 2^-2 = 1 I + 1 ^1 + ( 1 (3.5.10) 

Arguments for cardinality computations of subsets runs similar to the previous case, except here we have 
to make use of (3.4.14) and (3.4.15). Lemma 3.5.3 is useful for calculating cardinalities. 

Lemma 3.5.3: For 7 ^ 1,3 with tr( 7 ) = 0 , 

S ^(S*^) lt(S^'^) = - 2 ^^ - w ( 2 '^“^) ; r:odd (3.5.11) 

S K(S^) 1^(8“'^) = -3 2"“^ ; r:even (3.5.12) 

where summation is carried over all Im— sequences IS* in the subset ( "SU ^ ) and S* and are 
constituent sequences of IS*. 

Proof: Here we make use of equations in Theorem 3.4.4. From (3.4.14) S 1<(S*) K(S*'^) = - 2 “'“^ - w ( 2 '’), 

where summations is carried out through all m-sequences in 3. LHS of this equations can be split up 

into D «(S*) K(S*'^) + S K(S*) «(S*'>'), where S* e (J®U 3). As in Lemma 3 . 5.2 both 

a€G^/{l, 7 } ae7(G^/{l,7}) 

summands are equal, and LHS of (3.5.11) is accounted in S N(S*) H(S*'^), since m— sequences of 

‘^eG^/{l. 7 } 

subset 311 3aie present only in the subset ( ~3V ~3\J ^ ) as constituent m— sequences. Then divinding 2 
from (3.4.14) yields (3.5.11). Similarly (3.5.12) can be proved using (3.4.15). □ 

When r is odd, H value and the product of H values of constituent m— sequences, of Im-sequences in 
the subsets ^ are as follows 
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Subsets 

Association 

H(IS'') 

11(S^)H(S'^'^) 

3> 

( S^k 9) 

2(2-1 + w 2‘) 

l-2‘+^ + w 2(2^‘-2'') 

3 

( 9k 9) 

2(-2‘-l - w 2*) 

l+2‘+^ + w 2(2^‘+2‘) 


( 9k 9) 

-2 

l-w2" 


By the symmetry argument, volume constraint, (3.5.7) and Lemma 3.5.3, we have 

i "^1 = i i .1 "2 I = I and I STJ = I ^ |, 

2‘+'(l - I ) = 2(1 3^1 + i -21 + I Z^\) = 2{\-^\ + \-^\ + \ ^ I) = 2^-\ 

I 3>1 + I 2| =1 ^ |. 

Similarly when r is even, by the symmetry argument, from volume constraint, from (3.5.10), from (3.5.7) 
and from Lemma 3.5.3 we have 

13^1 = 1^1,1 ^J = | ^1, 

2^(1 2>1 -I :2| ) = 2(| 3’! + I +1 ^J) = 2(2i ■:%| + I ^|) = 2"“^and 

| 3 | + | 3 | =1 ^|. 

Solution of above equations yields cardinalities of the subsets. The results are given in Table 3.5.2. 

Theorem 3.5.1: The H and Weight distributions of the families of Im-sequences over of period 2(2^-l) 
are given in Tables 3.5.1, 3.5.2, 3.5.3. In all these tables, for all the items except the last, = (2’^-2) - 
w^, Wg = 2^^ — for the last item, = 0, W 2 = 2' 

Example S.5.1: Families of im— sequences of period 30; three representative examples for different types of 
families are given in Table 3.5.4; Galois ring elements are represented as vectors over Z^. 

Example S.5.S: Families of im— sequences of period 62; three representative examples for different types of 
X^ffamilies are given in Table 3.5.5; Galois ring elements are represented as vectors over Z^. 
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Table 3.5.1 Correlation Transform and Weight Distributions of JJC^{Xi{i)=l) 
(a) r : Odd Integer, r = 2t"f 1; Period = 2(2^— 1) 


SI. 

No. 

SUB 

SET 

K 

No of seques 
in the SUBSET 

Constituent 

association 

Wo 

Wi 

1 . 


2 ( 2 - 1 ) 

2 t-l^ 2 ‘-l+i) 

7?6 9, 7?76 9 

2 ^‘-|- 2-2 

22 t 

2 . 


- 2 ( 2 ‘+l) 

2 t-l( 2 t-l-i) 

??G ii 7/7€ (^f 

2 ^- 2‘-2 

22 t 

3. 


-2 + w 2 ‘+^ 

j 2 t -2 

Tie 9, of 

2^‘-2 

2 ^V 2 ‘ 

4. 


-2-ui 2 *+^ 

22 t -2 

t]£ ^ 77 e 9t 

2^^-2 


5 


-~2 

1 

7/ € < 2 > 

2"-2 

0 



(b) r : 

: Even Integer, r = 2t; 

Period = 2 ( 2 "- 

- 1 ) 


SI. 

No. 

SUB 

SET 


No of seques 
in the SUBSET 

Constituent 

association 

Wo 

Wi 

1 . 


( 2‘-2 + w 2 ‘) 

2 t- 2 ( 2 t-i^l) 

7?e i? 7776 9 

2 "“^-t- 2*”^-2 

2"“^-4-2‘"^ 

2 . 


(- 2-2 - w 2 ‘) 

2 t- 2 ( 2 t-l-i) 

7/6 9, 7?7e g/ 

2^““^— 2 


3. 


( 2-2 - U3 2 ‘) 

2 t- 2 ( 2 t-l_|_i) 

rje 9, 777 G os' 

2"“42*“^-2 


4. 

If 

(- 2-2 + w 2 ‘) 

2 t- 2 ( 2 t-l_i) 

776 9 rij£ 9 

2r-l_2t— 1_2 

2"~V2‘~^ 

5. 

-2 

1 

7/ 6 < 2 > 

2"-2 

0 
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Table 3.5.2 Correlation Transform and Weight Distributions of X#^(tr(7)=0) 
(a) r : Odd Integer, r = 2t+l; Period = 2(2^— 1) 


SI. 

SUB 


No of seques 

Constituent 

Wo 

Wi 

No. 

SET 


in the SUBSET 

association 



1. 


2(2‘-l + w 2*) 

2t-2(2t-i^l) 

r?€.5» 7776 

2242-2 

2^‘+2‘' 

2. 

"2 

2(-2 -1 - w 2‘) 


T^e ij 77€ 3, 

22 t_2‘_2 


3, 


2(2-1 - w 2‘) 

2t-2(2t-l_j_i) 

rjS ^ 7776 5 e 

2^‘+2‘-2 

2^^-2^ 

4. 

If 

2(-2‘-l + ui 2‘) 

2t-2(2t-l-i) 

776 Gif 7776 

22t_2t_2 

2^‘+2* 

5. 


-2 

22t-l 

Tie 9, rije 3 

776 5?; 7776 g/ 

2^‘-2 

22t 

6. 


-2 

1 

77 6 < 2 > 

2^-2 

0 



(b) r : 

: Even Integer, r = 

2t; Period = 2(2"- 

-1) 


SI. 

SUB 

K 

No of seques 

Constituent 

Wo 

Wi 

No. 

SET 


in the SUBSET 

association 




'9 

2 ( 2 ‘-l) 

2t-2(2t-2_|_i) 

rie9,r]'re9 2"“42*-2 

2 "-^ 


-2(2*+ 1) 

2t-2(2t-2_i) 

7?6 3i 7776 3 2"“*-2*-2 

2"-^ 


-2 + w 2^'^^ 

22t--4 

776 9, Tiye 9 2"“*-2 

2"“^+2* 


-2 - w 2*+* 


rje Gif 7776 Gi' 2"“*-2 

2 "“^— 2* 


-2 

22t-2 

Tie9,T}^e3 2"~^-2 

■qe 9, ri're^ 

2r-l 


-2 

1 

qe <2 > 2"-2 

0 


6 
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Table 3.5.3 Correlation Transform and Weight Distributions of = 3) 

(a) r : Odd Integer, r = 2t4-l; Period = 2(2^— 1) 


SI. 

SUB 

K 

No of seques 

Constituent 

Wo 

Wi 

No. 

SET 


in the SUBSET 

association 



1 . 


2(2*'-l) 

2‘"^(2‘+l) 

177€ 5? 

2^*+2‘-2 

22t 

2, 


-2(2‘+l) 

2‘-l(2‘-l) 

T}£ ^ 1776 g/ 

2^‘-2‘-2 


3 

-2 

1 

rje <2> 

2*^-2 

0 




(b) r : 

: Even Integer, r = 

2t; Period = 2(2^- 

-1) 


Family : 

= 3) 


Period = 

2(2"-l) 

r :even integer, r = 2t 

SI. 

SUB 

X 

No of seques 

Constituent 

Wo 

Wi 

No. 

SET 


in the SUBSET 

association 




1. 


2(2*’-l) 

2t-2(2t-l_|_i) 

rje 2; T/ye 9 

2^~^+2^-2 

2"“^ 

2. 

'2, 

-2(2Vl) 

2‘-2(2‘-'-1) 

jyeiS r\y^2 

2’'“^-2 -2 

2’^“^ 

3 

15; 

-2 

22t-2 

ri£ r)yi 2 

2''“^-2 


4. 


-2 

1 

Tj e <2> 

2''-2 

0 
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Table 3.5.4 JlifFaimlies of Period 30 (Example 3.5.1) 
a. Sequences of Family = 1; 7 = (1002) 

w = 

Sequences are generated by 7a, 7 = (1002), a = (0100), 70 = (2300) 
Minimal polynomial corresponding to 7a is 3+d+2d^+d^ 


SLNo 

a 

IS'^ 

)^(IS^) 

1 

;iooo) 

001023101233112003221123013110 

2+w4 

2 

3000 

003021303211332001223321031330 

2-04 

3 

1200 

021001121011312023203103231310 

2+a4 

4 

3200 

023003323033132021201301213130 

2-uA 

5 

1020 

201203303011112203001321231110 

2-f'o4 

6 

3020 

203201101033332201003123213330 

2-uA 

7 

1220 

221221323233312223023301013310 

-~6— o4 

8 

3220 

223223121211132221021103031130 

— 6+a4 

9 

[1000 j 

002002202022220002002202022220 

-2 



b. Sequences of Family = 0; 7 = (1200) 



Sequences are generated by 7a, 7 = (1200), a = (0100), 7Q = 

(0120) 



Minimal polynomial corresponding to 7a is l+Sd+d"* 


SL No 

a 

IS“ 

K(IS^) 


1 

2 

3 

4 

5 

6 

7 

8 
9 


1 1000) 003003103233310023021123011110 
3000) 001001301211130021023321033330 
1020) 203223301011310223201321233110 
3020) 201221 103033130221203123211330 
1002) 001201121013312021223101231112 
3002) 003203323031132023221303213332 
1022) 201021323231312221003303013112 
3022) 203023121213132223001101031332 

1000) 002002202022220002002202022220 


6 

6 

-2 

-2 

— 2+CiJ8 

-2-w8 

-2 

-2 

-2 
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Table 3.5.4; Continued.. 


c. Sequences of Family ^^^(7 = 3) 


Sequences are generated by 70 , 7 = (3000), a = (0100), ja = (0300) 
Minimal polynomial corresponding to 7 a is H-d+2d^+d'* 


SL No 

a 

IS^ 

K(IS^) 

1 

;iooo) 

001023301233310003021103211130 

6 

2 

1200 

021001321011110023003123033330 

6 

3 

1020 

201203103011310203201301033130 

6 

4 

1220 

221221123233110223223321211330 

-10 

5 

1002 

003221323013312001223121031132 

-2 

6 

1202 

023203303231112021201101213332 

-2 

7 

1022 

203001121231312201003323213132 

-2 

8 

1222 

223023101013112221021303031332 

-2 

9 

( 1000 ; 

002002202022220002002202022220 

-2 


Table 3.5.5 X^ffamilies of period 62 (Example 3.5.2) 
a. Sequences of family = 1; 7 = (32000) 

Sequences are generated by 7 a, 7 = (32000), a = ( 01000 ), 7 a = (03200) 
Minimal polynomial corresponding to 70 is 1 +d +2d +d . 

U) = ^ — 1 


IS^ 


K(IS^) 


1 10000) 00101320113312203101330303222230232112211333222332131212122201 -10 

12000) 02123322331112221123132323222030030312033113220130311010122221 -10 

10200) 20321302331312023323310103220232210110033133200310333232122001 -2-w8 

12200) 22303300113112001301112123220032012310211313202112113030122021 -2+w8 

10020) 02301102333310001321132303202210012130033333002110111012120203 6 

12020 ) 00323100111110023303330323202010210330211113000312331210120223 6 

10220 ) 22121120111310221103112103200212030132211133020132313032120003 -2+w8 

12220 ) 20103122333110203121310123200012232332033313022330133230120023 -2-n;8 

10002 ) 22103102313330221303310303022032032330031331020112333212102221 -2-w8 

12002 ) 20121100131130203321112323022232230130213111022310113010102201 -2+ij8 

10202 ) 02323120131330001121330103020030010332213131002130131232102021 6 

12202 ) 00301122313130023103132123020230212132031311000332311030102001 6 

10022 ) 20303320133332023123112303002012212312213331200330313012100223 -2-a;8 

12022 ) 22321322311132001101310323002212010112031111202132133210100203 -2+w8 

10222 ) 00123302311332203301132103000010230310031131222312111032100023 6 

12222 ) 02101300133132221323330123000210032110213311220110331230100003 6 

10000) 00202200222220002202220202000020020220022222000220222020200002 -2 
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Table 3.5.5: CJontiniied.. 

b. Sequences of Family = 0; 7 = ( 12000 ) 

Sequences are generated by 70 , 7 = (12000), a = (01000), 7 a = ( 01200 ) 

2 3 5 

Minimal polynomial corresponding to 70 is 3+3d +2d +d 


a IS^ ll(IS^) 

(10000) 00303320311332201101130303222210232132213313222312333232322201 -10-w8 

(30000) 00101120133112203303310101222230212312231131222132111212122203 -10+w8 

(10200) 20123302133332021323110103220212210130031113200330131212322001 -2 

(30200) 20321102311112023121330301220232230310013331200110313232122003 -2 

(10020) 02103102131330003321332303202230012110031313002130313032320203 6 -w 8 

(30020) 02301302313110001123112101202210032330013131002310131012120201 6 + 0:6 

(10220) 22323120313330223103312103200232030112213113020112111012320003 -2 

(30220) 22121320131110221301132301200212010332231331020332333032120001 -2) 

(10002) 22301102111310223303110303022012032310033311020132131232302221 -2 

(30002) 22103302333130221101330101022032012130011133020312313212102223 -2 

(10202) 02121120333310003121130103020010010312211111002110333212302021 6 +w 8 

(30202) 02323320111130001323310301020030030132233333002330111232102023 6-cj8) 

(10022) 20101320331312021123312303002032212332211311200310111032300223 -2 

(30022) 20303120113132023321132101002012232112233133200130333012100221 -2 

(10222) 00321302113312201301332103000030230330033111222332313012300023 6 -w 8 

(30222) 00123102331132203103112301000010210110011333222112131032100021 6 +w 8 

(10000) 00202200222220002202220202000020020220022222000220222020200002 -2 


c. Sequences of Family = 3) 

Sequences are generated by 7 a, 7 = (30000), a = (01000), 70 = (03000) 

2 5 

Minimal polynomial corresponding to 70 is l+2d+d +d 


a IS^ H(IS*‘) 

(10000) 00103320311312201121132323222230030112013313220332331212122221 -10 

(12000) 02121322133112223103330303222030232312231133222130111010122201 -10 

(10200) 20323302133312021303112123220232012110231113202310133232122021 -10 

( 122 OO) 22301300311112003321310103220032210310013333200112313030122001 6 

( 10020 ) 02303102131310003301330323202210210130231313000110311012120223 6 

( 12020 ) 00321100313110021323132303202010012330013133002312131210120203 6 

( 10220 ) 22123120313310223123310123200212232132013113022132113032120023 -10 

( 12220 ) 20101122131110201101112103200012030332231333020330333230120003 6 

( 10002 ) 22101102111330223323112323022032230330233311022112133212102201 -10 

( 12002 ) 20123100333130201301310303022232032130011131020310313010102221 6 

( 10202 ) 02321120333330003101132123020030212332011111000130331232102001 6 

( 12202 ) 00303122111130021123330103020230010132233331002332111030102021 6 

( 10022 ) 20301320331332021103310323002012010312011311202330113012100203 6 

( 12022 ) 22323322113132003121112303002212212112233131200132333210100223 -10 

( 10222 ) 00121302113332201321330123000010032310233111220312311032100003 6 

( 12222 ) 02103300331132223303132103000210230110011331222110131230100023 6 

(10000) 00202200222220002202220202000020020220022222000220222020200002 -2 
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3.5.3 Correlation Distribution 

The linear property of the families allows us to relate the correlation distribution with the H 
distribution as in the case of family. Number of sequences in a family is 2”^“^+!, and the period of 
all sequences except IS^ is 2(2^-l), period of IS^ being 2“^— 1. The correlation values belong to the set: 

{ « (IS‘‘-T^(B)), for aU € jJ^, r € Z 2 ( 2 r_i). B € ( (3.5.13) 
where T*(.) represents 1^^ shift (.). Since JJClzxaily is linear, the set (3.5.13) is expressed as 

{ S(IS°) U ( { H(IS‘’, b = IS^ ^+i)(2 -1) ^ a = IS^} ) 

U ( { K(IS‘’, b e \ { H(IS^), IS^ e ), 

where U represents set theoretic union. The second term in the above expression, has multiplicity factor of 
—1, since the period of IS^ is only 2’^— 1. Thus correlation distributions are obtained by 
modifying the H distributions as follows: 

(1) Include a correlation entry of 2(2^— 1) occurring 2^~^+l times. 

(2) For every K entry except that corresponding to IS , number of occurrences is obtained by 
multiplying (2^^+2^— 3) to a value in ’No of Occurrences’ column of that entry. 

(3) For the entry corresponding to IS^ (K value is -2), no of occurrences is given by (2^^+2^'~^— 2). 

Table 3.5.6 summarizes various properties of quadriphase families derived in this chapter. 

3.6 Maximal Length Sequences over Zg 

This section discusses construction of octaphase sequences derived from maximal length sequences 
over Zg. There are three level maximal length sequences over Zg, first and second level sequences are 
isomorphic to Z^ and Z^ m— sequences respectively. Only zeroth level sequences are considered here. 

3.6.1 Construction of octaphase sequences 

Octaphase sequences are constructed from sequences over Zg through occtaphase mapping (p from 
Zg to eight roots of unity is given by 

p{x) = exp(w ^), X e Zg, w = vn=T. 

If A = {a.}, a sequence over Zg of period L, then octophase sequence X derived from A is given by 

X = {x.; i:=0..L-l}; x. = {tJ)\ exp(c*;2|_)^ 


(3.6.1) 
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Correlation transform of a sequence A of period L over Zg, for this case, is given by 


11(A) = S exp(w^)^b 
i=0 


8 . • (3-6.2) 

Let W'^ be the weight vector associated with a sequence A, which is a integer valued vector of 
length 8 such that w'f is the number of symbols i present in A. The correlation transform of A, then 
becomes (refer (2.1.10)) 

H(A) = |(Wg - w^) + w (wj - Wg ) j + 

— ([(wf + w^) - (w^ + W^)] + w [(w^ - w-^) + (w^ - w-^)] •. 

Since Zg is a matched alphabet for octaphase correlation, the periodic crosscorrelation between X and Y 
becomes C^y(r) = H(A-B), where A—B is pointwise sequence subtraction modulo 8. Hence the 


Table 3.5.6 Properties of Quadiiphase Families 


Family 

Period 

Family sizdLinear span 

(Cmax)^ 

Comment 

JC 

2"-l 
(r :odd) 

2’'-fl 

r 

1+ f ± 2("’+V2) 

Optimal 

(Welch) 

JC 

2^-1 

(r : even) 

2'-fl 

r 

1 -f 2^or 

1+ 2^ i 

Optimal 

(Welch) 

jjC 

tr( 7 )=l 

2(2"-l) 

(r ; odd) 

2"“Vl 

r 

2(2 -f 2^) or 

2(2+ 

Optimal 

(Welch) 

Jjff 

(7=3) 

2(2M) 

(r ; odd) 

2"~^+l 

r 

2(2+ 2“’ — 2^'"^^/^^) 

OptimaJ 

(Welch) 

tr( 7)=0 

2(2^-1) 

(r : odd) 

2'“^+l 

r 

4(1+2^±2(^+V2)) 

Sub optimal 

tr( 7 )=l 

2(2-1) 

(r : even) 

2'“^+l 

r 

2(2+ 2' ± 2^'’+^/^^) 

Optimal 

(Welch) 

(7=3) 

2(2-1) 

(r : even) 

2'^~4i 

r 

4(1+2'^±2(^+2/2)^ 

Sub optimal 

tr( 7)=0 

2{f-l) 

(r : even) 

2''“4i 

r 

4(1+ 2"±2("+^/2)) 
or 4(1 + 2"^) 

Sub optimal 
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xunputation of crosscorrelation of any two qnadriphase sequences reduces to calculating the weight vector 
associated with the difference of their corresponding sequences. At the outset it might appear that the 
method of correlation computation through association schemes can be applied here also as in the case of 
m-sequences over Z^. The appropriate ring on which association scheme can be defined in this case is 
GR(8,r). Number of classes in the association scheme is But the computations of intermediate 

numbers of the scheme are extremely tedious. Thus we will not attempt to find exact nature of K*s. Instead 
we identify subsets of zeroth level sequences which satisfy Welch bound with equality (Section 2.5.1). This 
implies that 9^^ for the subsets of sequences is approximately equal to yHC”, Lrperiod. But out-of— phase 
correlations occasionally exceed VTT”, which is the optimal value according Welch’s bound on 9^^. 

3.6.2 Sequence Sets Satisfying Welch’s Bound With Equality 

Associated with every element a of GR (8,r), an m-sequence = {s.} is given by 

s. = tr{(aa‘). i e 

The distinct zeroth level sequences are given by the set {S^, a 6 G^}, which accounts for 4“^ sequences, 
where G^ is the Abelian component group of GR (8,r). As in the case of m-sequences, number of 
distinct families is given by (j)(2’’— l)/r, where (J» is the Euler’s (|> function. 

We consider 2” sets of 2^ m— sequences satisfying Welch’s bound with equality. The 4” zeroth level 
m— sequences are divided into 2” sets. To index different distinct zeroth level sequences the additive 
representation of G^ is used. Any element of G^ of GR*(8,r) can be represented as a = l+2a’, where a’ G 
GR(4,r). From P7 and P8 of Section 3.1, a’ can in turn be expressed as a’ = 2'(1 + 2e’)a, where a, e’ 6 G^ 

^ 4c 4! 

of GR (4,r) and i=0 or 1. Then, since cyclic component groups, G^’s, of GR (4,r) and GR (8,r) are 
isomorphic, any a 6 GR*(8,r) can be expressed as 

a = (1 + 2a + 4a), (3.6.3) 

where a and a belongs to {G^ U 0}, where U represents set theoretic union. 2' sets of octaphase sequences 
are described as given below. For unique a G {G^ U 0}, a set of sequences, J^&) is defined. The members 
of are given by the set 


{S^ a = l+2a+4a, for aU a 6 {G^ U 0}}. 


(3.6.4) 
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3.6.3 Number of Distinct Octo-phase Sequence Sets 

For each distinct family of JC^ we have 2^ sequence sets. There are cj)(2^— l)/r different families. 
Thus total niumber of sequence sets are given by 

2'^(<j)(2^-l)/r), 

where is Euler’s (j> function. 


3.6.4 Correlation computations of m-sequences over Zg 

In this subsection we show that sets jK-(a) defined above satisfy Welch bound with equality. This 
implies that 0^^ for the sequence sets is approximately equal to /~Tr, L is the period of the sequences. 
They are useful in CDMA communication systems which employ 8— PSK modulation. 


Leuuna 3.6.1: For any a 6 and a 6 GF(2‘^), the set of vectors, F^ 

{S*^, for a = 1 + 2a + 4a, a takes all values of {G^ U 0}} 


satisfies Welch bound with equality. 

Proof: Let us compute total energy (TE) of F*^ which is sum of all mutual inner— products between vectors; 
it is given by 


MM 0 M , 

TE= E S |C (0)r= E |C (o)r + 

n=lm=l n = l 


M 

E 


M 

E 


n= 1 ,m=l 
nfm 


c (o)r 


where M = 2*^ 


(3.6.5) 


Consider any two vectors and a = (l+2a+4a) and b = (H-2a+4b) belonging F^. The 

inner— product between and is then given by 




If a = b, then a-b is zero and consequently C (0) = 2*^-1, since K(S°) = 2^—1. If a^^b, then ’’^1 is an 

m-sequence over ideal < 4 > which is isomorphic to GF(2) and consequently has K value as —1. Thus the 

inner— product C^j^(O), a;fb is -1. Applying these results in (3.6.5), TE becomes 

o 0 (M E)^ 

TE = 2’^ (2'"-!)^ + 2'’(2 -1) (-1)^ = 4''(2''-l) = 

L 

where M = 2', E = energy of the signals = 2"^-!, L; period = 2'^— 1. Then from the Appendix E, the set of 
vectors satisfy Welch’s bound with equality. □ 
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rheorem 3.6.1: Sets of octaphase sequences derived from J(-(a), a 6 GR(2,r), satisfy Welch’s bound with 
equality and hence mean square of the crosscorrelations, is approximately equal to the period of 
sequences, 2^-1. 

Proof: From Lemma 3.6.1, for any a, the set F“ satisfies Welch bound with equality. Then Theorem 2.5.2 
implies that ^yQ also satisfies Welch bound with equality, where U represents set theoretic union. 

c 

The vectors in the set ^yQ (F^), accounts for all shifts of sequences in Then from Theorem 2.5.3 

C 

result follows, q 


Example 3.6.1: List of all Sets J6-{a.), a e {G^ U 0} derived from from m-sequences over Zg of period 7 
generated by a 6 G^ of GR(8,3) such that l+3a+2a^=a^. Sequence sets are given in Table 3.6.1. The 
minimum polynomial ni^(d) 7+5d+6d +d . 


Table 3.6.1 Sequences of for All a e {G^ U 0} 

Galois ring elements are represented as vectors over Zg 
U) = V — 1 

a. Family .if-{a); a = (010) 


(a) 

Sequence S* 

K(S^) 

ns 

6414737 

-0.6+U--1.0 

iBBI 

6010377 

3.4+Clh-I.O 

124 

2450337 

-1.4+a;1.0 

164 

2054777 

1.4+W-1.8 

,560 

6050733 

0.6+CJ-1.0 

520 

6454373 

-3.4+w-l.O 

,564 

2014333 

-1.4+W3.8 

524’ 

2410773 

1.4+wl.O 
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Table 3.6.1 : Continued.. 


e. Faniily J^^); a = (775) 


(a) 


Sequence 


K(S'‘) 



4 0 1 6 7 1 5 
0 4 1 6 3 1 1 
0 0 1 2 75 1 
4 4 1 2 3 5 5 
4 0 5 6 35 1 
0 4 5 6 7 5 5 
0 0 5 2 3 1 5 
4 4 5 2 7 1 1 


1.4+a>-1.0 
1.4"f" wl.8 
3.4+wl.O 
— 3.4+ wl.O 
-1.4+a^l.O 
-1.4+a^-3.8 
0.6+ wl.O 
-0.6+wl.O 


f. Family a = (561) 


(a) Sequence S^ K(S^) 



0614175 
4610131 
0 6 5 4 5 3 1 
4 6 5 0 5 7 5 
0210535 
4214571 
0250171 
4 2 5 4 1 3 5 


1.4+ w — 1.0 
1.4+W1.8 
-1.4+w-l.O 
-1.4+W-3.8 
0.6+wl.O 
-0.6+wl.O 
3.4+a;1.0 
-3.4+wl.O 


g. Family J(-(a); a = (100) 


(a) Sequence S“ K(S*) 



6 6 7 6 7 7 1 
6 6 3 6 3 3 5 
6 2 7 2 3 3 1 
6 2 3 2 7 7 5 
2 6 3 2 3 7 1 
2 6 7 2 7 3 5 
2 2 3 6 7 3 1 
2 2 7 6 3 7 5 


2.8+iJ-4.4 

O.O+a^.4 

O.O+w-0.4 

0.0+W2.4 

O.O+w-0.4 

0.0+W2.4 

O.O+a^-0.4 


h. Family Jf-(a); a = (000) 


(a) Sequence S^ K(S“) 



2 2 5 2 5 5 3 
2 2 12 117 
2 6 5 6 1 1 3 
2 6 1 6 5 5 7 
6216153 
6 2 5 6 5 1 7 
6 6 1 2 5 1 3 
6 6 5 2 1 5 7 


-2.8+a;1.6 
2.8+£<4.4 
O.O+cjOA 
0.0+a^-2.4 
0.0+£iX).4 
0.0+ w~2.4 
0.0+aX).4 
0.0+a>-2.4 









Chapter 4 


Maximal Length Sequences over 
Local Residue Class Polynomial Rings 


TMs chapter discusses generation and properties of maximal length sequences over residue class 
polynomial rings and their applications in constructing frequency hopping patterns and sequences with 
good block inner— product autocorrelations. Since, in general, any semi— local ring can be expressed ais a 
direct sum of its local constituents, only local rings are considered here. A local residue class polynomial 
ring P“[w (^)], where w(^) is an irreducible polynomial over GF(p), deg(w(^))=m, k>l, n=mk, will, in 
short, be denoted by Pp[w''] by dropping the indeterminate ^ in the polynomial symbol w(^) whenever the 
context is clear. Relevant algebraic properties of Pp[w*‘] are given in Appendix D. Definition and 
generation mechanism of trace sequence families are similar to those described for Here the Galois 
extension ring of Pp[w'‘], PGR(v'^,r), plays 5 vital role. 

The chapter is organized as follows. Section 4.1 gives vector space structure of Pp[w'‘] and 
PGR(V^,r) and their relevant properties. Section 4.2 defines families of trace sequences over Pp[w'‘]. 
Definition and properties of maximal length sequences over Pp[w'‘] are discussed in Section 4.3 and 4.4. 
Families of frequency hopping patterns derived from m— sequences are given in Section 4.5. Constructions 
of sequences with ideal block inner— product correlations are given Section 4.6. 

4.1 Vector Space Structure of Pp[w^] and PGR(V^,r) 

Relevant properties of Pp[w'‘] and PGR(V*',r), as required for this thesis, are given in Appendix D. 
Main feature of Pp[w*'] and PGR(V*^,r) is their vector space structure. Pp[w*^] is a vector space of 
dimension n over GF(p) and PGR(v'',r) is a vector space of dimension k over the subfield 
SPGR(V,r) = GF(V'^). Three different types of representations are considered. 

4.1.1 Representations of PJM 

Since Pp[w'‘] is a vector space of dimension n over GF(p), the elements of Ppfw'^] can be expressed 
as vectors over GF(p) (as arrays of degree < n over GF(p)). Let di i 6 0,..n— 1, be a vector with entry of 1 
in i*^^ position and zero elsewhere. The vectors 1, form a basis, called standard basis. Any 
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element a of Pp[w^] is expressed as 

a = a^ + a^(f +...+ ? (4.1.1) 

where a.’s belong to GF(p). This representation is referred to as standard basis representation of Pp[w^]. 
The other two representations of Pp[w^] are with respect to the set of vectors {1, w(^), w^(^),..., 

0 V 1 

It is easy to verify that the elements in the set {1, w(^), w (^),.”> w (^)} are linearly independent over 
residue field of Pp[w'^] or subfield of Pp[w'^] and hence consitute a basis, called ideal basis since these basis 
vectors, as polynomials in generate ail the ideals of the ring P^[w ]. The two representations using the 
ideal basis are: 

(1) Ideal basis representation I: Here the elements of Pp[w^] are expressed as linear sums of elements of 
residue field P^[w]. The residue field P^[w] is obtained by the natural homomorphic mapping (by taking 
modulo w(<J)) on the elements of Pp[w^]. Any element b(^) can be expressed as 

b(0 = Bg + + ... + (4.1.2) 

where B.’s 6 P^[w] and are obtained from b(4) recursively by Euclid’s algorithm: 

Bq = b(0 mod w(0- Qq = b(0 div w(0 
and Bj = mod w(^), div w(^) for j > 1. 

(2) Ideal Representation II : Here the elements of Pp[w'‘] are expressed as linear sums of subfields 
SP™{w]. Any element b(^) can be expressed as 

h(0 = B’+ B’w^ + ... + B’_^w‘^-\ (4.1.3) 

where B. € SP“[w]. It may be noted that both residue field P^[w] and subfield SP“[w] are subspaces of 
Pp[w'‘]. Various representations of Pp[w''] are summarized in Table 4.1.1. 

Table 4.1.1 Various Representations of Pp[w*'] 


a 

Representation 

Basis 

a^ -f a^^^ +..*+ 

Vi-\ 

Standard Basis 

where a. 6 GF(p) 


over GF(p) 

a^ + a’w +...+ 


Ideal Basis over 

where a.’ 6 Residue field P”^[w] 


residue field P™[w] 

a^ + ajw +...+ 


Ideal Basis over 

where a.’ 6 SP™[w] 

1 p*- ■' 


SP“[w]. 

pi J 
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1 PS 

Example ^.2./; Standard and Ideal Basis iepreseniations of ]• Elements of residue 

field P2[(l+$+'^^)] SP2[(l+$+^^)] are given by the sets { 0, 1, 1+0 and {0, 1, i^=5, 

respectively. The elements of P2[((l+'f+'^^)^] all the three representations are given in Table 4.1.2. The 
ideal basis is given by the set {1, (1+^+^^)}. 

Group of unit structure of Pp[w'^] is given in Appendix D; it is given by the direct product of two 
groups and where Gp^^ is Abelian component group and Gpp^^^ is cyclic component group. 

From (D.3) of Appendix D, any unit element can be written as product of two elements, one drawn from 
Gpp^^^ and the other from Gp^^. The non— zero elements of the subring SP™[w] gives aU the elements of 
^PRC Appendix D). Thus any unit element ’a’ can be written as 

a = be, b 6 SP”[w] = Gpp^, c 6 Gp^ (4.1.4) 

4.1.2 Representations of PGR(V'',r) 

Definition and essential structural properties of Galois extension ring of Pp[w''] of degree r, denoted 
by PGR(V^,r), where V represents residue field P”[w(^)] with p"* elements, are given in Appendix D. This 


Table 4.1.2 Elements of P2[((l+^+^^)^] in DifiTerent Representations 
Binary vectors in the table represent polynomial over GF(2): 

2 3 

For example, (1011) represents polynomial 1+^ +^ 

(i is a primitive element in SP^[w] 


Standard Basis Ideal Basis Ideal Basis 

Representation Representation I Representation II 


( 0000 ) 

( 1000 ) 

(OlOO) 

(ilOO) 

(oOlO) 

(lOlO) 

(OllO 

(lllO) 

(oool) 

(lOOl) 

(OlOl) 

(llOl) 

(ooll 

(lOll 

(oill) 

(nil) 


00) 

(001 

(0,0) 

10) 

(oo 

(1.0) 

01) 

(oo 

(/',!) 

11) 

(oo 

^.1 

11) 

(lO 

(5,0) 

01) 

(lO 

(/SO) 

10 

(lO 

1.1 

00) 

(lO 

0,1) 

10) 

(ll 

1-^ 

00) 


(o,5) 

11) 


(5M 

01) 

11 

(52,52 

01) 

01 

(52,5) 

11) 

01 


00) 

01 

(0,52 

10) 

01 

1,52 
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section gives representations of PGR(V^,r) using the representations given in Section 4.1.1. PGR(V^,r) 

j. — 1 . , , 

contains elements of the form S a.x‘, a. € P“fwn. The elements of PGR(V*,r) can be viewed as module 

i=0 ‘ ‘ P 

elements of length r over Pp[w'‘]. But, P^lw*^], a local ring can be viewed as a vector space. We derive 
representations of PGR(v’‘,r) using those of Pp[w’']. The representations of Pp[w^] given in Table 4.1 are 
made use of here to get representations of PGR(v'^,r) in terms of residue field PGR(V,r) = GFCV"^). (The 
homomorphism mapping /i from Pp[w'‘] to P™[w] on the coordinates of PGR(v'‘,r) yields residue field 
PGR(V,r) = GF(V")). Let a= a^ + a^x +...+ € PGR(V^,r), where a. e Ppfw^']. Then by using 

ideal representation of Pp[w'‘], a can be written as 

a = Qq + OjX + ... + 

where a = (a „ + a. ,w +...+Q. iw’‘~h , a. . e P'^fw], j=0,l,..,k— 1. 

By expressing in terms of the basis {l,w,..w'‘~^}, a can also be written as 

k~“l 

a = Q ’ + a’w +...+ a^_jW , 

where a! = (ag j + +...+a jx'“^) 6 Residue field PGR(V,r) = GF(V'). Thus PGR(V^,r) can be 

considered as a vector space over residue field PGR(V,r). 

Similarly by using ideal representation over SP™[w] we can have ideal basis representation over 
subfield SPGR(V,r). Note that the ideal basis for Pp[w^] is also a basis of PGR(V*^,r). Various 
representations, arising out of vector space structure of PGR(V*‘,r), are given Table 4.1.2. 


Table 4.1.2: Representations of PGR(V^,r) 


a 

Representation 

Basis 

Og + OjX +...+ o;^_^x“'“^ 


Standard Basis 

where a € P^fw^l 

1 p** 


over P“[w’'] 

+ a’w +...+ 

where a! € Residue field PGR(V,r) 

1 

Ideal Basis over 
residue field PGR(V,r) 

+ Q^w +...+ 


Ideal Basis over 

where aj 6 SPGR(V,r) = GF(V") 


SPGR(V,r). 
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4.2 Trace Sequence Families 

Definition of trace sequence families is similar to the one given in Chapter 3 except that, here the 
appropriate ring over which trace sequences are defined is PGR(V^,r). Relevant properties of trace 

k 

functions over PGR(V ,r), given in Appendix D, are used. A family of sequences is defined associated with 
every unit element a belonging to PGR(v’^,r). The sequences are generated as the trace of successive 
powers of a; the multiplicative order of a determines the period of the sequences. Since P^fw ] is also a 
local ring, a trace family includes sequences over its ideals. The sequences over the ideal isomorphic to 
P^^[w^], 1<K< k, are denoted as level sequences, and, accordingly, there are totally k level 

sequence groups, A level sequence associated with a unit element a e G of PGR (V^,r), = {s.} 

(isomorphic to a sequence over P™^[w^]) is given by 

s. = trJ(w'^aQ‘) : i e , (4.2.1) 

where L is the period of a. It is clear that the total number of sequences in the family is (V*^^— 1/L). 

f An unit element a is called as primitive if its multiplicative order is same as the order of G^, the 
cyclic component group of PGR (V ,r)(ie. V —1). Lenuna 4.2.1 gives nature of multiplicative orders of 
unit elements. 

Lemma 4.2.1: The multiplicative order of any unit element u divides 

and hence period of the trace sequences is of the form p*(V^— 1)^, 0 < t < k— 1, b = 0 or 1. 

Proof: From the direct product representation of PGR (V^,r) (Appendix (D)), any unit element u can be 
written as u = Aq; where A € G^, a 6 G^. It is sufficient to show that the multiplicative order of elements 
of G divides p'''~\ then the multiplicative order of u divides p'^~^(V'^— 1) since the order of G is (V'^— 1). 
For finding the order of A, consider the representation of A ((D.5) of Appendix D ); any element of G^ can 
be written as 




A = (l+wA>), where A> e PGR(v''”\r). 


, - k— 1 k-~l k— 1 k— 1 

Rising both the sides by p , yields = (1 -f w A^)^ = (1 4- w^ A’^ ), since the 


k~l 


characteristic of the ring is p. But w^ is equal to zero, since p^ ^ > k and w^ = 0 (w is a zero divisor) 


Thus A^ 


k-l 


ij. 1 

1 and hence multiplicative order of A divides p . Thus, period of trace sequences 

t/xrr 


generated by unit elements of PGR(V ,r) is of the form p (V -1) , 0 < t < k— 1, b = 0 or 1. □ 

From Lemma 4.2.1 it is clear that period of the trace sequences is always a multiple of V^— 1. When the 
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order of a chosen for sequence generation is 1 (primitive element), resultant sequences are called 
m— sequences. The m-^sequence families are discussed in next Section 4.3. 

The trace sequence generated by an element a satisfies a linear recursion, over Pp[w^], given by 


r~l 


s. = - S c.s. , . ; c. e P“[w'‘|, j = r, r+1, .... 

J f_Q 1 J-r+i » pi J’ 

The corresponding connection polynomial c(d) is given by 


r— 1 . , 

C(d) = d" + S c. d^ c. € P°[w\ 
i=o ‘ ‘ P 

which is the minimum polynomial ni^(d) of degree r over P“[w'^]. Thus C(d) = = 

(d— a)(d— cr(Q)) (d— 


4.3 Families of Maximal Length Sequences over Pp[w^] 

As in the case of m— sequences over if a primitive element o e is chosen for trace sequence 

generation, the resulting sequences are called maximal length sequences (m— sequences) over Pplw'^]. The 
generation mechanism of m-sequences over P“[w^] is similar to that of For every primitive element a, 
a fanaily of m-sequences ( is defined. They can be treated as minimal cyclic codes of length V*^-! over 
P“[w^]. The ring P^lw*'] has totally k ideals and accordingly there are k level sequences. Sequences over an 
ideal isomorphic to P“[w^], 0 < « < k jure denoted as level sequences. A level m-sequence, = 
{s.}, indexed by an element A 6 PGR (V ,r), is given by 

s. = trJ(w^Aa‘), 0 < k < k, i e 

where L is the period of the sequences given by the multilicative order of a; V^— 1. The distict level 
sequences are given by the set A € G^ of PGR*(V^~^,r)}. It is convinient to use Ideal basis 

representation over SPGR(V,r) for e G of PGR (V ,r) to identify different m— sequences. Here after, 
we consider only zeroeth level sequences, since sequences, /c>0, are isomorphic to zeroeth level 
sequences of ring P“[w'‘“^]. From (D.5) of Appendix D, any element A of G^ of PGR*(v'',r) can be 
written as (l+wA’),A’ e PGR(V*^~\r). Now by using ideal representation over SPGR(V,r) of A’, A can be 
written as 

A = 1 + w(A’4-wAJ+...+w (4.3.1) 

where Al € SPGR(V,r). Hence a zeroth level sequence, S"^ = {s.}, associated with an element 
A e PGR (v'',r) is given by s. = trJ(Aa*) ; i = 0,1,...,L— 1. s. = (s. g,s. p...,s. j^_j^) in ideal basis 
representation over SP*p[w] is then given by 
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s, j 0 < j < k, with = 1, (4.3.2) 

For every A € of PGR*^(V^,r), we have a distinct sequence. Thus there are exactly zeroth level 

A A 

sequences. The sequences {{s. /. i 6 = S'?, j = 0 < j < k} are called as component sequences of S , 

Following definition of rank number of an element A of G G PGR (V^,r) is useful in stating 

d 

correlation properties of m— sequences. 

Definition 4.3.1: (Rank number of an element a G PGR(V^,r) over SPGR(V,r)). Consider the 

ideal basis representation of a over SPGR(V,r) : a = + a’w -f ...-H where a! = (q;^ ^ x 

G SPGR(V,r), 0<j<r, a jGSP^[w], 0<i<k. Let be a r X k matrix over SP^[w] whose 
element is given by cl,. Then 5^^(a), the rank number of a, is defined as the rank of the matrix M . 

ij ^ 

It is also given by the rank of SPGR(V,r) elements over SP™[w] present in a. 

Example 4-S.l: Zeroth level m-sequences over of period 7 generated by a 6 G of PGR(V^,3), V = 

c 

GF(2), such that 1+a = are given in Table 4.3.1. Elements of a.re represented by 2— tuples over 

GF(2), for example symbol (11) represents 1+^. 


4.3.1 Number of Distinct Families of m-sequences 

Two families are cyclically equivalent if the sequences of one family is obtained as the cyclic shift 
of sequences in the other. The number of distinct JC families depends on the number of primitive unit 
elements of G^. There are exactly (|)(V^— 1) unit elements in G^ whose period is V^— 1, where (j) is the Euler’s 


Table 4.3.1 m-^equences of Example 4.3.1 


A 



[(10)+(00)+a(00)a^] 

(00)(00)(10)(00)(10)(10)(10) 

1 

[(01)+(00)+a(00)a^] 

(00)(00)(01)(00)(01)(01)(01) 

1 

[(10)+(ll)+a(00)a^] 

(00)(11)(10)(11)(01)(01)(10) 

2 

[(01)+(ll)+a(00)a^] 

(00)(11)(01)(11)(10)(10)(01) 

2 

[(10)+(00)+a(ll)a^] 

(11)(00)(01)(11)(01)(10)(10) 

2 

[(01)+(00)+Q(ll)a^] 

(11)(00)(10)(11)(10)(01)(01) 

2 

[(10)+(ll)+a(ll)a2] 

(11){11)(01)(00)(10)(01)(10) 

2 

[(01)+(ll)+a(ll)a^] 

(11)(11)(10)(00)(01)(10)(01) 

2 
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(j) function; (}>(x) is equal to the number of integers less than or equal to x and relatively prime to x. Since 
the trace is invariant under the automorphisms, a and cr(a) yields saune family. Thus JiC families 
i=0,l. .r— 1, are all cyclically equivalent. Thus there are exactly <j)(2^— l)/r distinct families. 

4.4 Hamming Correlation Properties of m~sequences over Pp[w^] 

TMs section gives Hamming autocorrelation properties of zeroth level m-^equences over P^iw^]. 
Throughout this section ideal basis representation of Pp[w^] over SP^[w] is assumed. We make use of 
Hamming correlation definition and Hamming correlation transform (H ) definition given in Section 2.1. 

H n k 

Following definition is useful in calculating H of sequences over Pp[w ]. 

Definition 4.4.1: v/^i4(s): Given an m— sequence over P“[w^], JqA{s) is defined as the number of 

A 

occurences of the element s in the sequences S with in one period length. 

A 

Using Definition 4.4.1, Hamming correlation transform of S turns out be 

R(S^) = (4.4.1) 

Lemma 4.4.1 gives an expression for computing Hamming correlation between two sequences over Pp[w'‘]. 
using Definition 4.4.1. 

Lemma 4.4.1: Let and be two sequences over P*^[w^], then Hamming correlation between and 
S , is given by 

H^^(r) = .4,r(0^). where . 

Proof: Result follows from (2.1.15) and (4.4.1). 

Hamming correlation computations make use of vector space structure of Pp[w''] and properties of 
m-sequences over finite field. Relevant properties of m— sequences over finite field are given below. 

4.4.1 Properties of m-sequences over Finite Field 

P.l Let B = { b., i e be an m-sequence over a field GF(V) of period V'— 1, and let Rt., i € be 
a r— tuple given by (bj,b._|_p..b._j^^_j), then set of r-tuples {Rt., i 6 are distinct and the set accounts 
for all r~tuples over GF(V) barring an all zero tuple. 

P.2 1 shifts of m-sequences are closed under point wise addition, ie. set of all V"^— 1 shift 

m-sequences and an all zero sequence forms an Abelian group under point wise addition. 
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4.4.2 Hamming Autocorrelation Properties of m-sequences over Pp[w‘‘]. 

Fact that component sequences over P“[w'‘] are m-sequences over suhfield SP^['w] = GF(V) and 
the linear property of m-sequences sequences over Ppl'w'^] are used in the computation of Hamming 
autocorrelation properties. Lemmas 4. 4. 2-4. 4. 5 establish autocorrelation properties of m— sequences over 

Lemma 4.4.2: P.2 is even true for m-sequences over P“[w*']. 

Proof: Let S'^ = {s.} be an m-sequence associated with an element A e PGR*(V^,r). Then shift of 


is given by = {sJ} where s| = trj(yla‘"*'^), i e Zj^. The pointwise difference of and is given 

by = {s'J}; sv=trj(yla‘(l-a^)), ieZj^. Since {G^,0} is the subfield SPaR(V,r) = GF(V"), 

(1— a^) 6 G^. Thus (S"^— ) is equal to r’ shift of S"^ (r’= 1— a’”). This implies that various shifts of 
forms an Abelian group under pointwise subtraction. □ 

Lemma 4.4.3: Let S"^ = {s.} be an m— sequence over P“[w'‘], and M^(A} be p, then set of column vectors 
derived from S"^, over SPGR(V,r), {{S; i = 0<ij^<V’^-2, have a 

column rank p. 

Proof: The ideal basis component elements of A, {1, (refer (4.3.1)) have rank p over 

SPGR(V,r), since ^.4{A) is p. The fact that the trace function is a linear function from SPGR(V,r) to 
SP™[w] implies that the column rank of the set has to be less than or equal to p. If tie column rank is less 
than p, say p\ then {s. can be written as linear sum of p’ linearly independent vectors. This means that 


Aa' 


P' 

s. S for 3^1 h where e SP™[w] and {{Sjj }, j=l...p’} are linearly independent 

i~i 


column 


P’ 


sequences. Then by using (4.3.2) s. can be written as trJ(A’ a’) = tr^( S L.Al_^ci*). This equation for 

^'P P~ j_j J J 

i=0 implies that Si^{A) is p’ contradicting the fact that ^^{A) is p. Hence the column rank has to be 


P- o 

Lemma 4.4.4: For any m-sequence over Pp[w*‘] of period 1, S"^ = {s.}, with ^{A) equal to r, 

a) Componet sequences {{s. j}; j = 0,..,r— 1 } are linearly idependent over SP“[w]. 

b) No element s. is identically equal to zero. 

c) All the elements are {s.} are distinct and appear only once in one period, ie. jyi[s) = 1 for all 
non zero s. 

d) The set of r— tuples, {s. ., j =0,..r— 1; i € accounts for all r-tuples over 

1,J V i p 
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Proof: The result a) follows from Lemma 4.4.3. The result b) is true, other wise Sj^ = 0 implies that the 
vectors {{s. ^}'^{s. s. }^, i = i ,i +l,..,i +r— 1} have rank < r, contradicting Lemma 4.4.3. If 

ljU 1^1 11 1 

A 

any two elements of S are identical, say s.^ and s.^ then from Lemma 4.4,2 the pointwise difference of two 

sequences S and S , (S — S ), yield an m-^equence which has a zero element thus 

A 

contradicting b). Hence c) is true. The result d) follows from c) since the period of S is V —1 and there 
are only V^— 1 non zero r— tuples over SP“[w]. □ 

Lemma 4.4.5: Let be an m— sequence over Pp[w''] of period 1, with Si4,A) = p. Then 

and 

J^4(s) = for s # o’". 

Proof: Consider ideal basis representation of elements of then for s € S^, Jg^(s) = ./l^j4(Sg,s’,...s^_j^), 


where s’. 6 SP™[w]. From Lemma 4.4.3, we know that column rank of {s. .} is p and let {s. ,• },{s. : }..., 
linearly independent component sequences over SP^[w]. Then Jgi4(sQ,sJ,...s^_j^) = 
./)^w4(s|^,sj^,...sj^), since rest of the bits in s are linearly related to ^[A) cannot exceed r 

since S"^ satisfies a linear recurrence of order r. Now consider a sequence = {t.} whose component 
sequences in positions jpjjr-jp are same as those of S"^, vdth = r; • 

Then there are exactly k tuples in S"^ such that (8jj>Sj2)-"Sjp,)=(tjj)tjj)”-tjp,)- We have 

from Lemma 4.4.4 (Part 4) ./^i4’(t)=0 if t = 0*^ and ./^i4’(t) = 1 if t # o'^. Hence ./^.4(s) = V^~^— 1 if 
s=o’' and .^i(s) = if s#o''. □ 


Theorem 4.4.1; Let S'^ be an m-sequence over Pp[w*'], with Si^(A) = p, of period V'^— 1. Then 

=V^-lifr = 0 

= if T # 0. 

Proof; The case of r = 0 is obvious. The case of r ^ 0 follows from Lemmas 4.4.1 and 4.4.5. □ 

4.5 Sets of Frequency Hopping Patterns Derived from m-sequences over Pp[w^] 

Associated with every m-sequence S , we construct a family of sequences which can be used to 

construct frequency hopping patterns. The number of sequences in a family depends on the number of 
n k A 

distinct elements of Pp[w ] occurring in S . Families are optimal in the sense that they meet Lempel and 
Greenberger bound on H^^(Theorem 2.5.4). We give a definition for number of distinct elements in S"^. 
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Definition 4.5.1: Trace Image of It is defined as the set of distinct elements of the m— sequence 
The cardinality of the set is given by V^, where p is the rank number of 4. If .4 = 

l+w(4’+w4j+...+w^“^4^_^) € of PGR*(v'‘,r), and j; 6 (0,l,.,k-l) be the linearly 

independent positions in the ideal representation of A, then the Trace Image of S"^ is given by the set 

{w ^a. +w ^a. +...+w ^a. +w ^’^^a. +...+w ''~^a. } 

where each a. , a. ,...,a. takes all values from SP"'[w] and a. a. are linearly related to a. , 

■’l ->2 V ^ V+i ■’i 

a. ,...,a. ; the linear relation depends on A. 

h 

4.5.1 Optimal Families of Sequences over PjM 

Let S"^ = {s.} be an m— sequence over Pplw*^], then for every 7 6 Trace image of S'^, we define a 
sequence S"^(7) given by {s.+7, i e Since the cardinality of trace image of is V^, we have 

such sequences. Then a family of sequences assocaited i^ith is given by the set of sequences {S'^(7)| 



7 6 Trace image of S'^}. We denote such a family by JC{A). 

Theorem 4.5.1: Hamming correlation between any two sequences S‘^(7j^) and S‘^(72) belonging to the 
family is given by 

H... (0) = V‘^—1 whenever 7= 7„. 

7172’' ' '1 '2 

H (r) = 1 whenever 7 =7„ and r # 0. 

l\lr ' '1 '2 

®7 i 72^°^ = 0 whenever 

^7 i 72^^^ = whenever £^iid r 0, 

Hence the family Ji{A) satisfies Lempel and Greenberger bound on 

Proof: First two results follow from Theorem 4.4.1. Let 1-^12' If r = 0, then from Lemma 4.4.1 and 
Lemma 4.4.2, is given by where D = (S'^(7^) — S'^(72)) which is a sequence with each 

element 7,-75 4 0- Thus H (0) is zero. Similarly, if r 0, H (r) is given by where D = 

^ ^ f I I Jl / 1/2 ^ 

S‘^(7j)— S"^^ (72); — represents pointwise subtraction. is same as •^>(71-72)1 where ^ 

which is also an m-sequence. Then the result follows from Lemma 4.4.5. From equations (2.5.12) and 
(2.5.13) it is clear that J({A) is optimal, g 

Thus we have optimal families of sequences over P°[w^]. Next we give a construction of families 
frequency hopping patterns from JC{A) 
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4.5.2 Frequency Hopping Patterns from jk { a ) 

Frequency hopping patterns are derived from sequences P“[w'^] by a mapping from P“[w''] to 
frequency library. Each symbol a in the ring Pp[w^] is associated with a distinct frequency belonging to the 
frequency library. Schematic diagram of generating frequency hopping patterns from sequences over Pp[w^] 
is given in Fig 4.5.1. Basis selector chooses linearly independent component sequences of S^. 


4.5.3 Number of Families of Frequency Hopping Patterns 

Corresponding to each m— sequence we have a family of hopping patterns derived from ^{A). 

From the construction of it is clear that size and properties of of J^[a) depend ^J{A), Thus 

number of frequency hopping families of any specified size depends on rank number distribution of zeroth 
level m— sequences. Let #(r,/?) be number of zeroth level m-~sequences of period 1 such that 5iJ{A) 
equal to p. All these m-sequences such that = r, result in frequency hopping family of size V^. 

From Section 4.3.1, we know that there are E(r) number of distinct families of period 1; E(r) = 
l)/r; <{) is the Euler’s <{> function. Thus number of families of frequency hopping patterns of size 
derived from zeroth level sequences is given by #(r,p)E(r). Lemma 4.5.1 and Lemma 4.5.2 gives an 
expression for computing #(r,p) and Table 4.5.3 gives number of frequency hopping fanoilies derived from 
zeroth level m— sequences. 

Lemma 4.5.1: #(r,p) is equal to number of r by r matrices over GF(V) of rank p with a condition that first 

nr 

column is given by (1,0, ...0) , where T stands for transpose. 



Basis Se 




ector 


Fig 4.5.1 Schematic Diagram of Generation of Frequency Hopping Patterns 
using m-sequences over Pp[w^] 








93 


Proof: From (4.3.1), set of all zeroth level sequences are given by 

{S^, A = l+w(A^+wA^+...+w for aU ^1’ € SPGR(V,r)}. 

Then #(r,p) is given by number of A such that equal to p. Result then follows from the definition 

of the rank number. □ 

Lemma 4.5.2: if^{r,p) is given by 


where j^“\m =l,..p— 1 are chosen positions and n=l,..r— p, are nonchosen positions in combination 


'r— l' 



r-p f:(m)> 

) s 

n V ^ 

^ j=l 

m= 1 


of 


r— 1 

IP-IJ 


, € (1,.. and ft(m), m =l,..r— p, is the number of chosen positions such that j' 


,•(0 


i(i) 


is less than j 

Proof: Let and fj(m) are assumed in the statement of the Lemma. We count distinct matrices of 

rank p with first column given by (1,0,..,0) by giving a method of constructing such matrices. Since first 
column of the matrix is fixed, each matrix is formed by selecting p—l other linearly independent column 
positions among r— 1 remaining columns to make a matrix of rank p. This choice of linearly independent 


positions can be done in 


r-l' 

.P-K 


ways. Consider a combination of 


r-l 

IP-IJ 


. We select independent column 


positions as chosen positions m=l,../>--l and dependent column positions as nonchosen positions 
m=l,..r— p. These p—l independent column positions can be filled by vectors over GF(V) in 
(V"-V^)...(V"-V^^) different ways. For each such configuration, dependent columns are filled with 
vectors as follows. Each dependent column position, is filled by taking linear combinations of vectors 
in independent column positions such that This way, we avoid taking linear sums of 

independent columns such that in filling dependent column positions. This will not affect 

counting of distinct matrices as explained as follows: If in a matrix, is formed as a linear sum of 

'r-f 


chosen position say such that then this matrix is also counted in combination of 

whose chosen positions include and all chosen positions of combination except Thus with the 
method above we would be counting only distinct matrices. Hence the number of dependent vectors 

possible for column is V . Repeating this for all nonchosen positions, for cobination, dependent 

r— P T(in) 

positions can be filled up in n V ^ different ways. Thus for j ^ combination number of matrices 

m=l 

r — p f.(m) 

possible is (V^— V^)...(V^—V^ ) 11 V . Summing over all the combinations yields the result. □ 

mrrl 
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Weight distribution of zeroth level m— sequences is computed from rank number distributions since 
weight structure of an m-sequence is completely determined from Si^(A) (Lemma 4.4.5) 

Table 4.5.1 gives the weight distribution. Table 4.5.2 lists #(r,p) for r equal to 2, 3, 4, 5, 6. 


Table 4.5.1 Weight Distribution of 2^oth Level m— sequences 


p 

Weight Distribution 

Number of 


4o") 

4s#0‘‘) 

Sequences 

1 

V'“^-l 

yr-l 


2 

V^-2_i 

yr— 2 

#(r.2) 

P 


yt-p 

#(r.p) 

I 

0 

1 

#(r,r) 


where J(s) means number of occurrences of s in a sequence 


Table 4.5.2 #(r,p) for r =2, 3, 4, 5, 6 


P 

#(2,p) 


#(4,p) 


#(6,/?) 

1. 

2 

4 

8 

16 

32 

2. 

2 

36 

392 

3600 

30752 

3. 


24 

2352 

17600 

4612800 

4. 



1344 

604800 

129158400 

5. 




322560 

619960320 

6. 





319979520 

S#(r.p)= 

4 

64 

4096 

1048576 

1073741824 


#(r,p) is equal to number of r by r matrices over GF(V) of rank p 


rp 

with a condition that first column is given by (1,0,. ..0) , 


where T stands for transpose 
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Example 4- 5.1: Family of frequency hopping patterns of length 7 derived from m— sequences over 
Sequences are generated by a such that q^=q+1, a e PGR(V^,3), where V = GF(2). Patterns are 
constructed from an m-sequence S'^, i = (1 )+(^^)q+( 0®^; is given by: 

Patterns of the family J((l)+(,^ )a+(^)a ) are given in Table 4.5.4. Pattern symbols are represented by 
decimal numbers in the range (0—7); a(^) of is represented by a(2). 


Table 4.5.3 Number of Frequency Hopping Families 
Obtained from Zeroth Level m— sequences over Pp[w^ of Period V^— 1 


Size 

Number of families 

V 

#(r,l)E(r) 

v2 

#(r,2)E(r) 

yP 

#(r,p)E(r) 

V' 

#(r,r)E(r) 


E(r)=(|)(V^-l)/r 

Table 4.5.4 Frequency Patterns of Family Jl((l)+(^)aH-(^)“^) (Example 4.5.1) 

7 

sV) 

0 

2 4 3 6 7 5 1 

1 

3 5 2 7 6 4 0 

e 

0 6 1 4 5 7 3 

1+e 

1 7 0 5 4 6 2 


6 0 7 2 3 1 5 


7 1 6 3 2 0 4 


4 2 5 0 1 3 7 


5 3 4 1 0 2 6 
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4.6 m-sequences Having Ideal Block Inner-product Autocorrelations. 

From Table 2.2.1, it is dear that Pplw'^] is a matched structure to signal set for block 
inner— product correlations, the vector space structure of Pp[w^] is responsible for such a matching. We 
shall consider here special case of Pp[w'‘] where w is of degree 1, which implies that residue field is GF(p). 
Hence throughout this section V, the order of the residue field is p. 


4.6.1 Block p-phase Sequences from Pp[w’‘] Sequences 

n k k 

Here the mapping (p is from Pp[w ] to C , k~<iimension complex space and is given by 

(j>^{A) = (?i®(aQaj...aj^_^) = (4.6.1) 

where (p is inner— product mapping from GF(p) to p^^ root of unity given by 


UJ2'K& 

(p{^) = exp(-^). (4.6.2) 

If — {sj is a sequence over P^[w^], the block p— phase sequence {s!} is obtained by the mapping (p^ 
given by 

8.’ = /(S.). 


The block inner-product correlation transform of S is given by 

K®(S^) = V^®(s ) 

i=0 

Then autocorrelation function is given by 


(4.6.3) 

(4.6.4) 


4.6.2 Block Inner-product Autocorrelations of m-sequences over PJ[vA] 

In this subsection we compute autocorrdation properties of block p— phase sequences derived from 
m-sequences over Pp[w'‘]. 


Lemma 4.6.1: Let be an m— sequence over P“[w'‘], then K®(S‘^) is given by the sum of inner— product 

4 

correlation transforms of component sequences of S . 

Proof: Follows from (2.1.19). □ 
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i4 n k 

Theorem 4.6.1: Let S be an m-sequences over P [w ] with component sequences being identicaliy not 

A 

equal to zexo, then block IP autocorrelations of S is given by 

CaaC*^) = whenever r=0 

Caa( 7“)= whenever t^O 

Proof: From Theorem 2.2.1 and Lemma 4.6.1, we have 

A 

For r = 0, the result is evident. Let r ^ 0. Since component sequences S^, 1 < j < k, axe nonzero 
m-sequences over GF(p) of period p^— 1, Il^^(s4-T^(s4)) is —1. Result then follows since no component 
sequence is identically a zero sequence. □ 

Thus we have sequences with ideal block inner— product autocorrelations. In the above construction 
we have considered the ring Pp[w^] where degree of w(^) is one for simplicity. However the result holds 
good for rings where degree of w(.J) is greater than one also. Komo [79] has constructed such block p— phase 
sequences using rri— sequences over GF(p^) having ideal block inner— product correlations. Here we have 
demonstrated similar construction over polynomial residue class rings. 



Chapter 5 


Controllable Large Linear Complexity Sequences over 
and Local Residue Class Polynomial Rings 

This chapter gives construction of non-linear families of sequences over residue class rings and 

n k 

P“[w ] with controllable large linear complexity (LC). The sequences in a family are not closed under 
pointwise ring addition. This implies that the linear complexity of sequences derived from a r^^ degree 
Galois extension ring is always greater than r (corresponding linear sequences have LC less than or equal 
to r). These sequences are of prime importance in secure communications where low LC of sequences 

n k 

renders system vulnerable to jamming attacks. The non-linear sequences over and P“[w ] derived here 
are employed to obtain quadriphase sequences and frequency hopping patterns respectively. 

A procedure for obtaining controllable large LC sequences over finite fields, given by Siegenthaler 
and Porre [47], is generalized to residue class rings. The procedure uses generalized permutation 
polynomials over Galois extension rings. By using generalizations of permutation monomials, generalized 
GMW sequences (GGMW) are constructed. Generalized Blahut’s theorem over finite rings given in 
Section 2,5.3 has been used for the computation of the LC of sequences. 

The families of GGMW sequences over satisfy Welch bound on inner products with equality. 
However, deviates from optimal value of -/TT* ; L being the period of the sequences. We have some 
computer results which suggest that the number of crosscorrelation values which deviate from optimal 
value of ^fTT is small. The correlation transform of these sequences is same as those of m-sequences. 

The chapter is organized as follows. Section 5.1 gives generalized permutation monomials over 
GR(4,r) and PGR(V^,r). Section 5.2 discusses a generalized procedure for constructing large LC sequences 
obtained from trace sequences using permutations on Galois extension rings. Families of GGMW sequences 
are defined in Section 5.3. Sections 5.4 and 5.5 give properties of GGMW sequences over and Pp[w^] 
respectively. 

5.1 Permutations over GR(4,r) and PGR(V'‘,r) 

Permutations on finite fields have polynomial representations while same is not true in the case of 
residue class finite rings [67,92]. Polynomial substitution, y — > g(y) (g(y) is a polynomial of degree > 2) 
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cannot be a permutation on Galois rings due to the presence of zero divisors. In this section we use 
properties of GR(4,r) and PGR(V^,r) to define permutations on respective Galois rings. 

5.1.1 Permutations over GR(4,r) 

We assume that the permutation P acts independetly on different multiplicative groups of GR(4,r). 
From P7 and P8 of Section 3.1, any element a 6 GR(4,r) can be expressed as (2‘/?a); where i=0 or 1, /?eG^ 
and Q€G^. Then permutation P is defined as follows: 

P(a) = P^(^)P 2 (a) when i = 0, ^5 ^ 

P(a) = pP^{oi) when i = 1, 

where a = {2^l3a) and P,(.) is a permutation on G , Po(0 ^.nd P«(.) are permutations on G . Such a 
permutation P is identified by a triplet [PpP 2 )P 3 ]^ Permutation P is called as generalized permutation 
polynomial when permutations P^, P^, P^ are defined by polynomial substitutions. Two types of 
permutation monomials are considered. 

MonOmiH.1 ot the First type i^^)' Here the permutation is defined as follows: For any aGGR(4,r), 
ass2^a : i=0 or 1 and a is a unit element, is defined as 

= 2‘g(a) (5.1.2) 

where g(x) is a permutation monomial over group of units GR (4,r). 

Lemma 5.1.1: A monomial g(x) = x^, b an integer 0 < b < 2(2^-~l), is a permutation polynomial on 
GR (4,r), group of units of GR(4,r), if and only if 

(b, 2^—1) = 1 and (b,2) = 1, 

where (d,f) = 1 implies that d and f are relatively prime to each other. 

Proof: Result follows from the structure of group of units GR (4,r); it is expressed as direct product of two 

groups G and G , where G is an Abelian group of order 2 ^ and G is a cyclic group of order 2"^— 1 (P6 of 

d c d c 

Section 3.1). The above conditions are necessary since G^ is a cyclic group of order 2’^— 1 and G^ contains 
units of order 2 (refer (3.1.1)). Sufficiency can be easily seen. □ 

Monomial of the Second type (Power Permutation Polynomials): 

Let b = bQ+b^2+...b^_j^2'^“\ be an integer such that 0 < b < 2"^— 1. Then by x — we 
mean a substitution of the following kind: 
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a > (a°(a))^°(a'(a))^' (cr’-'Ca)^-' , (6.1.3) 

b, € 0,1 and ^ are the automorphisms of GR(4,r). Then power polynomial substitution (^ 2 ) 

over GR(4,r) is defined as follows. 

where a = 2^a^ (5.1.4) 

where 1 < b < 2"^1, (b,2'--l) = 1 and (b,2) = 1. 

iemark 5.1.1: Observe that both the extensions of permutations defined over GR(4,r) collapse to 
permutation monomials for GR(2,r) = GF(2^). 

Laaama 5.1.2: Let B(x) be a polynomial associated with any integer b, 0 < b < 2^—1 given by 

B(x) = bo+bjX+...+b^_jx"~^ 

where bgjb^,., .b^__^ are bits corresponding to binary representation of b, i.e B(2) = b. Then a power 

substitution X- is a permutation on GR*(4,r) if and only if 

(b, 2"-l ) = 1 (5.1.5) 

(B(x),x^—1) = 1 (5.1.6) 

Proof: One can easily verify that the above mapping is an automorphism on G^e GR (4,r). We show that 
the mapping is also an automorphism on G € GR*(4,r). Then because of the direct product structure of 

Ur 

GR (4,r), result follows. We know that elements of G^ are of order 2 and can be represented as a = ^+2a^, 
where a^ € {G^ U 0}, U represents Set theoretic union. Let t>e non>^ero positions in the 

binary representation of b, then ^ 2 ^^) becomes 

'I'2(a) = ((7'i(a)a'3(a) a%)) 

= (H-2(<r‘i(aj,)+o-‘2(a^)+ +cr "^(a^)) 

= (l+2(a,='‘+ 

This can be expressed in polynomial form as '1'2(^) ~ (l+2(B’(^l))i where B’(x) is a linearized polynomial 

over {G^ U 0} given by B’(x) = bQX+bjX^+...+b^_jX^'^ \ Since 2 {G^ U 0} is isomorphic to GF(2'^), this 

implies that is an automorphism on G^ if and only if B’(x) is a permutation polynomial over GF(2‘^). 

From Chapter 7 of [67], the linearized polynomial B’(x) is a permutation polynomial if and only a r by r 

2^ .... . 2-’ 
matrix A given by A.^ = (bj_j) > 0 1 iJ < is nonsingular. Since b. belongs to GF(2), (b.) also belongs 

to GF(2). Hence in this case A is a circulant matrix. Then from Chapter 16 of [24], A is nonsingular if and 

only if B(x) is relatively prime to x"^— 1. Result then follows immediately. □ . 
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5.1.2 Permutations over PGR(V^,r) 

The ideal basis representation of PGR(V*^,r) is used to define permutations here. An element a € 
PGR(v'‘,r) in ideal basis is expressed as a = Q’+wa’+...+w^”^a^_j, where q! 6 SPGR(V,r) = GF(V'^). 
Then permutation P is defined cls follows. Let P be a permutation over SPGR(V,r), then P is defined as 

P(a) = P(q’) + wP(Qp + ... + w''“^P(q^_^); (5.1.7) 

U 1 

where a = a’^ + wa’ + ... + w f^ct, various permutations can be defined by employing 

different substituations for individual coordinates of PGRCv'^jt) elements. For simplicity single 
permutation has been used for substitutions in all the coordinates. If P is a permutation polynomial over 
SPGR(V,r), then P is called permutation polynomial over PGR(v'^,r). 

Permutation Monomial over PGR(V‘',r); Here the monomial substitution is defined as 
follows. For any a = a’ + wa’ + ... + w’‘'“^a:^_j^ € PGR(V^,r), a; e SPGR(V,r) 

'F^(a) = (a’i^" + w(apV ... + w''~^(a^_j^)’", (5.1.8) 

where 0 < b < V -1 and (b,V'-l) = 1 

Lemma 5.1.3: A generalized monomial x > ^'^(x), b an integer 0 < b < (V^-1), is a permutation 

polynomial on PGR(v'',r) if and only if 

(b, V^-l) = l 

Prcx>f: Result follows from the definition of the polynomial substituation and the structure of SPGR(V,r), 
whose group of units is cyclic group of order V^~l. □ 

temrk 5.1.2: Observe that the extensions defined over PGR(v'^,r) collapse to permutation monomials for 
PGR(V,r) = GF(V^). 

5.2 General Procedure for Obtaining Sequences with Large Linear Complexity 
5.2.1 Procedure for Sequences over Finite Field 

One of the ways of generating sequences over finite field with large LG is as follows. 

1: Consider a maximal length sequence {y.} over the extension field GF(p') 

2: Each symbol y of {y.} is mapped onto g(y) using permutation polynomial g(x) over GF(p^). 

3: The sequence {s.} is then defined as the trace function of {y.}: s. = trj(y.) 

The resulting sequence {s.} over GF(p) has large LC. 


4 : 
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Support for obtaining sequences with large LC for the above mentioned steps is given as follows. 

Definition 5.2.1: Polynomial sequence: Let f(x) denote a polynomial over GF(q): 

q-l . 

f(x) = S a.x' (5.2.1) 

i=0 * 

If the symbol s. of the sequence {s.} are obtained as s. = f(yj), where {y.} is a sequence over GF(q), then 
{s.} is called polynomial sequence. 

Following theorem due to Brynielsson [83] gives LC of polynomial sequences over GF(2'^). Similar 
result exists for polynomial sequences over GF(p'^) [83]. 

Theorem 5.2.1: (Brynielson [83]). Let {y.} be an m-sequence over GF(2') with Linear span u. The 
polynomial sequence {s.} with s. = f(y.) has linear complexity: 

LC({s.}) = E u^«, (5.2.1) 

ai^O 

where H(i) is the number of ones present in the binary representation of i. 

It is desirable that the polynomial sequence {s.} over GF(2'^) {in general GF(p)} should preserve 
the correlation properties of the original sequence {y.}. B:ence the polynomial function f(x) which maps an 
element from GF(2^) to GF(2) should have following properties 

(1) f is a mapping from GF(2^) to GF(2) ( produces a binary sequence). 

(2) f is such that |{x: f(x) = 1 }| = |{ x : f(x) }1 = 0, where |{.}| represents the cardinality of the 
enclosing set {.}. 

(3) f produces a sequence of large linear complexity. 

(4) f is easy to implement. 

Trace functions satisfy the above requirements, but it is a linear function. To obtain non-linear 
function, trace function is modified as follows. The conditions (1) and (2) are simultaneously satisfied by a 
function 

f(x) = tr;(g(x)), X 6 GF(2^). (5.2.3) 

where g(x) permutes the finite field GF(2'). The amount of complexity enhancement depends on the 
permutation polynomial g(x) chosen for the sequence generation. 

Complexity Enhancement using Permutation Monomials: Mononaiai x^ is a 

permutation polynomial of GF(q) if and only if b and q-l are relatively prime [Lidl]. Consider the function 
f(x) = trj(x^), where gcd(b,2'-l) = 1. By the definition of trace function, f(x) can be written as 
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I(x) = x‘' + x“ + x“’+...+x“'-‘ (5.2.4) 

Then, from Theorem 5.2.1 the LC of the polynomial sequence {s.} with s. = f((x.)^) is given by 

LC({8.})= I (5.2.5) 

‘ ai^O 

Observe that non-zero a.’s occur only for indices i = b, 2b,2^b,...,2^~^b. Since all these indices are simply 
obtained by shifting binary representation of integer b, H(i) = H(b) for i = b, 2b, 2^b,...,2^“^b. The LC of 
{s.} is given by where u is the LC of the sequence {x.}. 

GMW Sequences: if the monomial polynomial function is used in the complexity enhancement 
scheme, resultant sequence is a GMW sequence. Here {x.} is a m— sequence over GF(2^) of complexity u. 
Then the GMW sequence {s.} obtained from {x.} is given by 

s. = trj(x^), 0 < b < 2-1, (b, 2-1) = 1. 

The linear complexity of the sequence is given by 

LC({s.}) = u^^^’^r. (5.2.6) 

where H(b) is the number of ones present in the binary representation of b. If the trace function 

representation is followed, GMW sequence {s.} is given by the following expression. 

s.= tr;([tr;V)ft.ieZ 2 ru-i- 

5.2.2 Extension to Local Residue Class Rings and Pp[w''] 

Here a complexity enhancement procedure is proposed for obtaining large LC sequences over local 

n k 

rings and P (w ] on the lines of the procedure given in Section 5.2.1 for field sequences. Let .^denote 
the ring or Pp[w'‘] and GR( ^t) be the r*’^ degree Galois extension of (GR(4,r) or PGR(v'‘,r)). Steps 
for complexity enhancement of sequences over 5Eare given as follows: 

1: Consider an m-sequence {y.} over extension ring GR( St,i) of LC u, u being a positive integer. 

2; Using a suitable permutation P on GR( y.’s are permuted; y.’=P(y.), yj6{y.}. 

3: The sequence {s.} is then defined as the trace of {y.’}; 

Si = tr;(yj’)- 

4; The resulting sequence { s. } over 5Ehas large LC. 

In Section 5.3 we make use of permutations defined in Section 5.1 in the above procedure for 
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cx)EStnictioii of sequences with large LC. It is desirable that the permutations employed in the procedure 
should preserve the correiation transform properties of resultant sequences. In this direction we give the 

definition for correlation preserving permutation. 

Definition 5.2,1: A permutation is called ais correlation preserving permutation if when it is used in the 
complexity enhancement procedure results in sequences which has same correlation transform as as those 
of m-sequences. For sequences over we have the following theorem 

Tha)rem 5.2.1: If in the step 2 of the complexity enhancement procedure, permutation P = on 

GR(4,r) is used, such that 

Pj(/3) = a\(3) , for all € G^, where a\ i:=0,l..r-l are automorphisms of GR(4,r), 
p 2 (.) and P^(.) are arbitrary permutations on G^, 
then resulting sequences have same H’s as those of m~^equences. 

Proof: It is sufficient to prove the above theorem for permutation P’ = [Pj[,P 2 jP 3 ] with Pj(/?) = /?, for aU /? 
i G (identity permutation), since rest of the permutations P, indicated in the theorem can be obtained 
by the permutations Pj = 0 ^ ^•nd sequences generated by the later will have the same K’s as 

obtained with P’ since tr(o'"(Q)) = tr(Q), for all i. A typical sequence S* generated by a complexity 
enhancement procedure is given by 

s. = tr;(P’[tr;'^(aa‘)]), i € 

where a is primitive in GR(4,ru) and a 6 of GR (4,ru) and P’ is a permutation of the type considered 

T 

in the theorem, let T = , then a is primitive in GR(4,r). The intermediate sequence {s.’} is given 

( 2'-0 

by s! = tr|“(aQ”* = a'"*’^{tr™(aQ'‘)}, 0 < m <2''-!, 0 < k < T, i = m*T+k. Hence si ’g belong to the 

set {b (G b-(G ), ... b™(G )}, where b.’s are either 2 or elements belonging to G . Since the 
permutation P’ simply permutes G^ and leaves G^ unaltered, {s.} is some permuted version of an 
m-sequence trj“(aa*). Hence K of sequences are same as those of m-sequences. □ 

From (3.1.1), any element a 6 G^ of GR(4,r) can be expressed as a = (l+2a’), where a’ e 

{G U 0} In fact G = 1 + < 2 GR(4,r)>. Also < 2 GR(4,r) > is isomorphic to GF(2'^). So permutation 

c d 

of G^ is essentially a permutation of finite field GF(2'^). 

According to Theorem 5.2.1, permutations P^ on G^ which preserves the correlations are of the 
type Pj(^) = <7*(/?). Question is, are there more correlation preserving permutations. We conjectme that if 
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Pj is such that Pj(/3) = Pj(l + 2^’) = 1 + 2L(/?’), where L(.) is a linear permutation and ^ 6 {G^ U 0}, 
then resultant sequences have m— sequence type correlation transforms. Note that the automorphism 
permutations considered in Theorem 5.2.1 is a special case of linear permutation. 

We state our conjecture as follows. 

Conjecture 5.2.1: If in the step 2 of the complexity enhancement procedure, permutation P = [P,,P-,PJ 
on GR(4,r) is used, resultant sequences have H same as those of m-sequences of period 2'^-l if and only if 

P is of the following type. 

Pj(/3) = Pi(l+2/J’) = (1 + 2 L(/3>)), for all 6 G^, 
where L(.) denotes a linear permutation and /? 6 {G^ U 0}; 

and ?^{.) and Pj(.) are arbitrary permutations on G^. 

Thus correlation transform values of sequences generated using correlation preserving permutations 
in complexity enhancement procedure given in Section 5.2.2 belongs to the H values of m-sequences of 
period 2'“-l; H values belongs to the set 

{-1, + 2‘'-l + w 2^} whenever ru is odd, ru = 2t+l 
{-1, + 2*^-1, -1 + w 2*'} whenever ru is even, ru = 2t, where u = . 

5.3 Generalized GMW (GGMW) Sequences over and Pp[w’'] 

Associated with a ./^family over (or Pp[w‘‘]) a family of GGMW sequences over (or P“[w'']) 
is defined; the GGMW sequences formed by transforming the m-sequences using a permutation monomial 
in the complexity enhancement procedure given Section 5.2. The family includes a GMW sequence over 
residue field also. 

5.3.1 GGMW Sequences over 

Family of GGMW sequences over Z^ is a collection of 2™+l sequences each of period 2"^“- 1. The 
family includes a GMW sequence over an ideal < 2 > = GF(2) also. Corresponding to an element A, a 
GGMW sequence S'*' = {s.} is given by 

s. = trJ('I'[tr[“(Aa')]), i e (5.3.1) 

where ’!'(.) is a generalized permutation monomial. There are 2’^'^ distinct zero level sequences given by a 
set {S^, A 6 G^}. The only first level sequence (isomorphic to GMW sequence over GF(2)) is S^. We have 
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two types of families of GGMW sequences corresponding to two types of permutation monomials and 
defined in Section 5.2. They are denoted as GGMW^* and GGMW'^^ 

Fig 5.3.1 gives schematic diagram of generation of quadriphase sequences derived from GGMW 
sequences over Z^. 

Number of Distinct Family of GGM^V Sequences over Z^i Next theorem gives different 
possible family of GMW sequences and allowable choices for the permutations for the intermediate ring. 

Definition: 5.3.1: Equivalent Permutations; Two permutations and are equivalent permutations on 

2 1 
GR(4,r) if 'I' can be obtained as some automorphism of ^ i.e. 

where a, i = 0,l,..r— 1, automorphisms of ring GR(4,r). 

Theorem 5.3.1: Let and F^ be two families of GGMW sequences as defined in (5.3.1) which uses ^ and 
4'’ permutation monomials respectively and has a and respectively as element belonging to G^ for 
sequence generation. Then two families are cyclically equivalent if and only if 

d = 2“ for some 0 < m < ru 

and 4*^ 4'^ are equivalent permutations on GR(4,r) 4?^ = for some i. 

Proof: The above conditions are necessary since, if two families are cyclically equivalent, their zeroth level 
sequences (GMW sequences over GF(2)) also have to be cyclically equivalent; two cyclically equivalent 



A 6 GR(4,ru), r and u are positive integers 
a is primitive in G^ of GR(4,r) 
w = V — 1 


Fig 5.3.1 Schematic Diagram of Generation of Quadriphase Sequences 
Derived from GGMW Sequences 
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binary GMW sequences satisfy the required condition (Theorem 4 of [48]). Sufficiency can be easily seen 
because of the trace property A9 (Appendix A). □ 

In view of the Theorem 5.3.1 and because of the fact that the element a used to generate the 
sequences is primitive, the number of distinct families are given by 

~ (5.3.2) 

where (j) is Euler s (j) function and N(r) is equal to number of distinct non— eqivalent permutations on 
GR(4,r). 

Lemma 5.3.1: The number of distinct non-equivalent permutation monomials of the first type (^^) is 
given by 

N^^(r) = (t)(2“^-l) where (j) is Euler’s (j) function. 

Proof: From Lemma 5.1.1 there are cj)(2’^-l) different permutations for every r. The permutation only 
permutes and leaves G^ unchanged; ie. if aa € GR(4,r) where a e G^ and a e G^, then ^^(aa) = aa*’. 
For any nonzero i, i*^ automorphism of ^(aa), i7‘($)(aa), is given by a\a)a'^’, b’ = b2\ Thus cr^(4’)(aa) 
cannot be written as ’f] permutation of aa where is another permutation monomial of the first type. 
Hence all are distinct, g 

Lemma 5.3.2: The number of distinct non— equivalent permutation monomials of the second type (’{' 2 ) is 
given by c[)’(r)/r, where (|)’(r) = |{B(x), deg(B(x) < r, (B(2),2^-l) = 1 and (B(x),x’^-1) = 1 }| ; 

Proof: If B(x), a polynomial of degree < r satisfies conditions mentioned in the Lemma, monomial >^ 2 ) b = 
B(2) is a permutation from Lemma 5.1.2. Moreover, if B(x) satisfies the above conditions, polynomial 
xB(x) mod x"^— 1 also satisfies the above conditions. Let 4^2 permutations corresponding to 

polynomial B(x) and xB(x) respectively. Then from the definition of the permutation it is easily seen that 
= <t( 4’,). Hence permutations corresponding to B(x) and xB(x) are equivalent. There are r such 
permutations corresponding to polynomials (x^B(x)) mod x^-1, 0 < i < r, which are equivalent. Thus there 
are exactly (t)’(r)/r permutation polynomials. □ 

Using Theorem 5.3.1 and above two lemmas, the number of cyclically distinct families of GGMW 
sequences with permutation monomials and is given by 

"gom-w**!) ' ! ""I 

where (|) and <|)’ are functions as defined in Lemma 5.3.1 and Lemma 5.3.2 
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5.3.2 GGMW Sequences over PS[w''] 

Generalized GMW sequences over P“{w'^] is a collection of + V'^'^+l 

sequences each of period V —1. This class includes a GMW sequence over < > which is isomorphic 

to GF(V). Corresponding to an element A, A 6 PGR(v‘',r), GGMW sequence = {s.} is given by 

s. = tr;('f‘=[tr;“((^a‘)]), i e (5.3.5) 

where is a generalized permutation monomial over PGR(v'‘,r) defined in Section 5.1. 

As in the case of ^ families, we have k distinct level sequence groups, level sequences over 

Pp[w^] are isomorphic to zeroth level sequences of over ring Pp[w''“^]. Thus it is sufficient to consider only 

zeroth level sequences. There are distinct zeroth level sequences given by the set {S"^, A E G^}, 

where G^ is the Abelian component group of group of units PGR*(v'‘,ru). k— 1*^^ level sequence 

k"! 

(isomorphic to GMW sequence over GF(V)) is S'^ . 

5.3.3 Generalized r-tuple Distributions 

Definition 5.3.2: A family F of V^+1) sequences over a ring of size v'^, each of 

period V^— 1, where V, k and r are positive intgers, exhibits an ideal p— tuple distribution Y, 0 < p < r, if 
exactly one of the possible and disjoint ring p-tuples occurs —1) times in one period of all 

sequences in F and each of the others occurs (v'‘^’^~^Di j times. 

In case of finite fields, the definition of r—tuple distribution applies only to a single sequence. This 
is may be from the consideration of length and order of finite field sequences; sequences of length 1 
over a finite field of size V exists. The concept here has been extended to a family of sequences. 
Occurrences of tuples are now counted in a period of all sequences in the family. 

Lemma 5.3.3: An ideal p — tuple distribution of Y implies ideal p’ tuple distribution of Y for all p’ with 

0 < pK p. 

Proof: From an ideal p tuple distribution, exactly one of the possible ring p— tuples occurs V —1 

times and each of the other occurs times. Therefore, exactly one p’—tuple occurs (V ^ — 1 ) 4 - 

Yk(r— p) ^Yk(p— p’) _ yk{i-p^) Qf Qthex occurs ^ ^ ^ times. Hence 

the result. □ 
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Theorem 5.3.2: Let ^he either a ring or P“[w“'] of order v'", with residue field GF(V) and GR( ^r) be 
the r‘^ degree Galois extension ring of ^ Let F be a famil y of V™+1) 

m-sequences over GR( ^i) of LC m and period then the transformed family of sequences F> by a 

generalized permutation P over .Jeexhibits p-tuple distribution for all p with 0 < p < m, if and only if, 

I { x: P(x) = a, X € GR( 5i;r)} | = for aU a € Si (5.3.6) 

where | {.} 1 denotes the cadinality of the enclosed set {.}. 

Proof: All m— tuples x = {x,,x_^^,...,x._^^j^} in sequences in F are disjoint and every possible V*'— ary 
non— zero m— tuple occurs exactly once. The m— tuples in sequences over ^ of F’ occur from x = 
{X;,Xj_|_p...,x._l_^_l} as y. = with y. = P(x.). It is easy to see that (5.3.6) is necessary 

since 1-tuple distribution implies (5.3.6). The sufficiency of (5.3.6) is shown as follows. Let P(0) = 0, 
From (5.3.6), there are elements in GR(R,r) whose image in Si is 0. Thus 1 

(=v>‘(— )-l ) m— tuples X. are mapped to = 0 where —1 accounts for missing 0 m— tuple in sequences 

of F. Similarly there are m— tuples in F which maps into a unique non-zero m— tuple in F\ The 

arguments can be repeated if P(0)=a. Result then follows from Lemma 5.3.3, □ 

By using Theorem 5.3.2, it can be easily verified that families of GGMW sequences satisfy ideal 
generalized r— tuple distribution stated above. 

5.4 Properties of Families of GGMW Sequences over 

From the definitions of permutation monomials given Section 5.2, it is easy to verify that 
permutation monomials of first and second type and ^ 2 ) GR(4,r) are correlation preserving 

permutations. Hence correlation transform (K) values of GGMW sequences of period 2^'^— 1 over takes 
on same values as those family of m—sequences of period 2^^— 1. Thus correlation transform distributions of 
families of GGMW sequences are same as those given for m-sequence families (Ref Table 3.4.2). However, 
crosscorrelation distributions differ from those of m— sequence families. This is because in general GGMW 
sequences are nonlinear in nature (sequences are not closed under point wise addition) whereas 
m— sequence families are linear. Crosscorrelation distribution of a faimly of sequences depends on of 
difference (point wise subtraction) of various time shifted versions of sequences and if the family is linear 
computation of crosscorrelation distribution is related to correlation transform distribution. Thus, in this 
case determination of crosscorrelation properties is not straight forward. We have made some computer 
simulations for checking the crosscorrelation values of some GGMW families. The computer analysis 
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reveals that deviates from optimal value of L is the period of sequences. But it is observed that 
Cg (averaged over all sequences and its time shifts) and (root mean square of crosscorrelation values 
over all sequences and its time shifts) are apprximately equal to fTT. Definitions of 6 and B are 

avg rms 

given in (2.6.2) and (2.5.3). In Section 5.4.1, we prove that for GGMW families is approximately 
equal to /IT by showing that families of GGMW sequences satisfy Welch bound with equality (refer 
Section 2,5). Section 5.4.2 gives some computer results concerning autocorrelation and crosscorrelation 
values of families of GGMW sequences, A generalized autocorrelation function is defined in Section 5.4.3 
and it is shown that out of phase generalized autocorrelation values of GGMW sequences are uniformly —1. 

5.4.1 GGMW Families Satisfying Welch bound with Equality 

Consider a GGMW sequence family of period and let G be a set of zeroth level sequences 

given by G = {S^, A € G of GR*(4,ru)} 

d 

Lemma 5.4.1: An element tr™(Aa!*); A 6 G^, a 6 G^, is a unit or a zero divisor if and only if tr™(a ) is a 
unit or a zerodivisor and thus tr™(Aa‘), tr^(Ba*), A, B e G^ are simultaneously both zero divisors or 
units. 

Proof: Using P6 of Section 3.1, trJ“(Aa‘) and tr''*(Bo‘), A, B € G^, can be written as 

tr;“(Aa‘) = tr^(o‘) + 2tr;“(A>a‘), 
tr;“(Ba‘) = tr;"(a‘) + 2 tr;“(B>a'), 

where A’, B’ € G^. Then the homomorphic mapping (^) from to (taking modulo 2) on the above 
eqautions gives /i(tr™(Aa‘)) = /i(tr^(a‘)) = /i(trJ^"(Ba‘)), since /r of any zerodivisor is always 0. Thus 
tr'“(Aa') and tr^(Ba‘) are simultaneously units or zero divisors. Similarly first part of the theorem is also 
clear. □ 

Consider a set of vectors G^*. 0 < j < 2™-l, containing j* cydic shifts of zeroth level GGMW 
sequences. 

qo’ = for aU A£G^ of GR*(4,ru)} 

We have Lemma 5.4.2 on the sum of quadriphase inner-products of G . 
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Lemma 5.4.2: The set of quadriphase vectors derived from 0 < j < satisfies Welch bound with 
equality. 

Proof: Consider any two sequences S®"' e and consider their corresponding intermediate 

sequences and S®^,over GR(4,r); m‘® element of is given by s^ = tr™(Aa^'''“). Then the 
inner-product correlation between is given by 


m=:0 11=0 


[5(m,n)] 

U) 


where <5(m.n) = (tr;('I'(a^aJHtr[(4-(b^a^)), T = — — y3 = a"® € G^ of GR(4,r)i 

(2 - 1 } 

takes either 2 or from of GR(4,r). From 
Lemma 5.4.1, and smd sure simultaneously zero divisors or units. By substituting for 

4^, or 4^^ when a a and b a’ are both units, S(m,n) becomes 
5(m,n) = tr;((l+2L(a;));^®/?®“')) - tr;((l + 2L(h^))aJ^^)) 

= tr';((2L(a’-b’))a € < 2 >, 

where L(.) is a linear function on G^; it is identity function when the monomial is and a linearized 
polynomial function when the monomial is 4^«. When a a and b a’ are both zero divisors, <5{m,n) is 

given by 5(m,n) = trJ(2(a^®-b^®)/3®“) e < 2 >. Thus in any case, 8®“^) is some permutation of a 

sequence obtained when is identity, ie. when S'^^and S®^ are both m— sequences over Z^. Also from the 

above equations, S®*^) is a sequence over < 2 > and, hence is a permutation of an m— sequence 

over < 2 >. Thus, we have 


Cab(O) = K(S'^*^-S®“') = H(m-sequence over < 2 >) = - 1 . 

Hence, the inner— product between any two vectors in G*^ is always — 1 . Let us compute the sum of all 
inner-products between the sequences in G*^ (Total energy, TE); it is given by 


From the above calculations, 
Hence, TE is given by 


TE 


B6G“^ 


|C 


2 

AB' ’ 


■'AB' 


(2*'“-i)^ whenever A = B and 1 0 ^ 3 !^ = 1 whenever A B. 


2 2 (M E)^ 

TE = 2^"(2^"-l)2 ^ 2 ^( 2 ^“-l)(l) = (2^") (2'“-l) /( 2 ^"-l) = -j—, 

where M = 2"^“, the cardinality of the set G^. The result then follows from Theorem 2.5.1. □ 
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Theorem 5.4.1: Families of GGMW sequences satisy Welch bound with equality and hence mean square of 
the cross correlations, is approximately equal to the period, 2 "“-l. 

Proof: From Lemma 5.4.2, sets G*^, 0 < j < 2 ^“-! satisfy Welch bound with equality. Similarly it is easy 
to see that set of aU cyclic shifts of < 2 > ideal sequences along with a all zero sequence, G^, also satisfies 
Welch bound with equaHty. Then from Lemma 2.5.1, the set which is the union of aU sets G“^, 
0 < j < 2 — 1 , and G satisfies Welch bound with equality. This implies that family of GGMW sequences 
satisfies Welch bound with equality and the result then follows from Theorem 2 . 5 . 3 . □ 

5.4.2 Autocorrelation and Crosscorrelation Properties of GGMW Sequences 

In general GGMW family of sequences is a set of 2^'^+l nonlinear sequences (sequences are not 
closed under point wise addition). Hence autocorrelation and crosscorrelation values are different from H of 
individual sequences. Let = {s.} be a GGMW sequence associated with A e GR*(4,r); it is given by 
s. = trJ('I'[tr^“(AQ‘)]), where A = ( 1 + 2 A’) 6 G^ of GR*(4,ru), A’e G^ of GR (4,ru). Let = {s!} be the 
intermediate sequence over GR(4,r) of S'*’; s! = tr^“{(H-A’)aA Thus S'*' = + S^"*’, + : pointwise 

addition. Autocorrelation of the sequence S’*’, CA^( 7 ), 0 < 7 < 2 ^“-l given by 

CA^( 7 ) = «{S*- + T'>'(S^)} (5.4.1) 

Similarly crosscorrelation function between S'*’ and S®, C^g( 7 ), 0 < 7 < 2 ^“— 1 , is given by 

= + (5-4-2) 

Thus the correlation functions of GGMW sequences in general depend on four intermediate sequences. But 
CA^( 7 ) depends only on correlation transform of sum of S^^ and 7 *^ cyclic shifted version of S .We call S 
a prime sequence in the family of GGMW sequences. A Complementary sequence = 38^^ is another 
prime sequence whose autocorrelation function depends only on two intermediate sequences. Also S == 28 
is a binary GMW sequence which has two level ideal autocorrelation function. Some computer simulations 
are conducted on correlation values of GGMW sequences. The computer analysis reveals that the 
magnitude of correlation values deviates from the optimal value of ^f~T^ by a small value for majority of 
cases. However large deviations do occur but number such occurances is very small. Also it is observed 
that is approximately equal to the optimum value of /T". Table 5.4.1 gives autocorrelation values 
along with $ values of some prime GGMW sequences. 
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Table 5.4.1 Autocorrdation Values of a Piime GGMW Sequence 


r 

u 

period 

L 

type of 
Monomial 

8 

max 

8 

avg 

3 

2 

63 


8.06 

3.5 

4 

2 

255 

^2 

26.02 

12 

3 

3 

512 

1 

50.61 

16 


Results of computer analysis of some class of GGMW sequences are shown in the graphs given 
below. In Examples 5.4.1 and 5.4.2, we consider GGMW families of period 63 and 255 respectively. 

Example 5. 4 A: GGMW sequences of period 63, r = 3, u = 2 ; Intermediate ring in this case is GR(4,3). 

o 

Permutation monomial of the first type is considered. Fig 5.4.1 gives autocorrelation distribution of 
selected GGMW sequences. Autocorrelation distribution curve of a prime sequence is marked 
separately. Crosscorrelation distribution of the GGMW family is plotted in Fig 5.4.2. 

Example 5.4.2: GGMW sequences of period 255, r =4, u =4; Intermediate ring is GR(4,4). Monomial of 
the second type is used; ^2 • ^ ^ pjg 543 gives autocorrelation distribution of some selected 

sequences. Distribution of crosscorrelation values between and all other sequences in the family is given 
Fig 5.4.4. 

5.4.3 Genaralized Auto Correlation Properties of GGMW Sequences 

Consider a set of M complex valued sequences, then generalized autocorrelation function GA(t) is 
defined as 

M 

GA(r)= 

m=l 

The set of 2 ^“+l GGMW Sequences have two level generalized autocorrelation function. GA(t) for a 
family of GGMW sequences can be written as 
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Correlation Value 


Fig 5.4.1 Autocorrdation Distribution of Sdected GGMW sequences of Period 63 

(Example 5.4.1) 



Fig 5.4.2 Crosscorrelation Distribution of GGMW sequences of Period 63 



No. of Occurrences 
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40.00 ^ 



Correlation Value 

Pig 5.4.3 Autocorrelation Distribution of Selected GGMW sequences of Period 255 

(Example 5.4.2) 



Fig 5.4.4 Distribution of Correlation Values between 
and all GGMW sequences of Period 255 (Example 5.4.2) 
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GA(7-) = S K(S^-S^“ ). 

AEGGMW 

When r = 0, obviously the value of GA(r) is We shall show that GA(r) is -1 whenever r # 0. This 
is a consequence of GGMW famibes satisfying Welch bound with equality. Consider a matrix of by 
2 -1 enries, M , with first 4 —1 rows filled by quadriphase sequences obtained from all phases of 
GGMW sequences and last row filled by all one sequence. 


A a 

= ^(S j ” ): 0<m< 2*^+1, 0<n< 2’^“-!, i = (2‘’"-l)m + n, 0<j< 2’^“-! 

M°4ruj= 1. 0 < j < 2^-1 


(5.4.4) 


where S 0 < m < 1 are GGMW sequences of period By using the fact that GGMW family 

satisfies Welches bound with equality vectors in M can be shown to satisfy Welch bound with equality. 
Then from Appendix E, inner-product between zeroth and r ^ column in is zero. This implies 

_ 4r A a"" A o' * 

C0^ = S^(S “ )^(S “ )=o 

i =0 ^ ^ 

2^+1 2 r~l A A * 

s s ) +1 = 0. 

i =0 n =0 

The value +1 in the LHS is due to the contribution of all one vector of M^. From the definition of 


A 

m 


A A a 
m « m 


sequences S. = S and hence inner sum is equal to N(S ). Thus we have 


S 

A€GGMW 


S(S^-S^® ) + 1 = 0. 


Hence GA(r), r ^ 0, is equal to -1. 


5.4.4 Linear Complexity Computation 


This section gives bounds on LC of GGMW sequences. The hnear complexity of a sequence S = {s.} 
is the smallest degree linear recursion satisfied by S exists. We make use of generalized Blahut’s 
theorem for finding the linear complexity of sequences over residue class rings given in Section 2.5.3. If S = 
{s.} is a sequence over of period 2'^— 1, then from Theorem 2.5.5, the LC of S is determined by expanding 
s. in the form 

2'"-2- 

s. = S s.o’', i e (5.4.5) 

‘ j=o J 

where a is primitive in G^ € GR(4,ru), and counting number of non zero coefficients in the expansion. 
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LC({s.})=|{Sj:s.^0J€Z2^J1 

where | {.} | represents the cardinality of the enclosed set. s.’s are determined by 


(5.4.6) 


~ ifo ^ ^2*''’— 1 (5.4.7) 

Following lemmas are useful in evaluating LC properties of GGMW sequences over Z^. 

Lemma 5.4.3; Let S = {s.} be a sequence over Z^. Let 2S be a sequence obtained from S by multiplying 2 

to all elements of S; 2S = {2s.}. Then the LC of 2S is always less than or equal to that of S. 

Proof: From (5.4.7), nonzero Fourier transform coefficients of 2S is obtained by multiplying 2 to that of S. 
Since 2 is a zero divisor, for any x, 2x can be either 0 or zero divisor. Hence number of nonzero transform 
values of 2S is less than or equal to that of S. Result then follows from Theorem 2.5.5. □ 

Le m ma 5.4.4; Let S = {s.} be a sequence over and whose elements are given by 

s. = trJ([tr[“(Aa‘)]P°^“ (5.4.8) 

where a is a primitive in G^ and 0 < b < 2'^-l, (b, 2'-l)=l. Then the LC of S'^ is given by 

LC(S^) = r(u®(‘'^) (5.4.9) 

Proof: Since which is isomorphic to binary GMW sequence, LC(2S'^) is given by r(u^^'’^) (refer 

(5.2.6)). Hence from Lemma 5.4.3, LC(S'^) > r(u^^*’^). Thus it is sufficient if we show that LC(S'^) < 

H(b) d. 

r(u®(*’)). Exponent b of the permutation monomial can be written as b = . Sj 2 \ where d.’s are distinct 

integers in the range 0 < d. < r for all i. Hence (5.4,8) can be written as 

H(b) d. 

s.=tr;(;n^cr-[tr;“(Aa‘)]). 

By expanding the innner and outer trace, the above expression can be written as linear sum of various 
powers of a. The maximum number of powers of a present in the above expression is r(u ). Hence 
LC(S'^) < r(u®(‘’)). Q. 

Lemma 5.4.5 is a property concerned with binary GMW sequence and it is used in subsequent 
lemmas. 

Lemma 5.4.5; Let S = {s.} be a field sequence defined by s. = [tr™(a’)], where a is primitive in GF(2"“) (S 

(2’^“-l) 

is a intermediate sequence of GMW sequence over of period 2 —1). Let T — i then every 


( 2 - 1 ) 


segment of T consecutive elements from S contains exactly • 


(2l’^-'^“-l) 
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Proof: The field element has order 2^-1, and hence belongs to GF(2"’) a subfidd of GF(2’^). Then us i n g 
trace property AlO (Appendix A), for any integer n we have 

tr-(a‘) = ( 5 . 4 .IO) 

■“nT 

Since a is not zero, the trace functions in (5.4.10) must be zero for some values of i. Hence zero 

locations in {b.} foUow a T periodicity. Trace property All (Appendix A) inciicates that there are 
zeros in one period ie., (2 “"1)T symbols of {b.}. Thus the number of zeros in first T positions is given by 

(2{“-i)M)/(2^-1). □ 


Lemma 5.4.6: Let S'^ = {si} be an intermediate sequence over GR(4,r) e GR(4,ru) given by 

s! = [tr-(Aa‘)] 

(2'“-l) -A 

where a is primitive in G^. Let T = — , then every segment of T consecutive dements from S 

contains exactly elements from < 2 GR(4,r) >. 

(2^:1) 

Proof: Observe that 2S‘^ is isomorphic to a sequence over < 2 GR(4,r) > = GF(2*). Thus, every segment of 
T consecutive elements in 28'^ contains exactly (2^^~^^'‘-l)/(2'-l) zeros (Lemma 5.4.6). The result then 
follows since 2s.’ is zero if and only if s.’ 6 < 2 > (P4 of Chapters). □ 


Lemma 5.4.7: Let S'^ = {s.}; A 6 GR(4,ru), be a sequence over GR(4,r) defined as follows 

s. = ’F>[tr™(Aa‘)] 

where 4’’ is a mapping defined by 

’F’(x) = 2(x^)^ whenever x is a zero divisor x = 2x^ 

= 0 whenever x is unit 

Then the LC of the sequence S is upper bounded by — and non— zero positions in the fourier 

(2’^-l) 

transform representation of (refer (5.4.5)) bdong to the set 

{b, b+R, b+2R...... b+(T-l)R}; R = 2-1. 


Proof: Let S(x) be a polynomial associated with a sequence S given by 

L~*"l T 1 

S(x) = Sq + SjX + Sj^^x ,L = 2 -1. 

Let s. ,s. ,...s. be non-zero positions in first T locations of S. Here also s.’s Mow T periodicty similar to 


11 12' H 
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(5.4.10). Thus by using the definition of s.’s S(x) can be written as 

S(X) = S(X) + S(x) + ,e'-»)T(y-!)Tb ^ JJJ 

i i i 

where S(x) — s.^x +s.^x x is polynomial with maximum of— non zero coefSdents and 

(2^-1) 


of degree < I. From (5.4.5) and (5.4.6) the LC of S is equal to number of nonzero roots a j = 
0 , 1 ,. .2 —2 of S(x); a is primitive element of 6 GR(4,r). Consider an evaluation of S(x) for some 
From (5.4.11), S(a”*^) is given by 


S(a-^) = a + d + 5+ q (5.4.12) 

Where d = S(a"'^). When j = b'+nR, 0 < n < T, b' O, then S(a'”'^) is given by S(a~'^) = d{l+ + 

^2T(b— b ) _^^(2 2)T(b— b)j 5 is a zero divisor S(a'”‘^) is the sum of all elements of 

< 2GR(4,r) > which is always 0, since < 2GR(4,r) > is isomorphic to GF( 2 ^) (sum of all nonzero elements 
of GF(2^) is always 0). When j = b+nR, 0 < n < T, 8 ( 0 ^*^) becomes (2^'^— 1)9 which is non-zero if and only 
if d is non-zero since 2^^^-! is a unit in Z^. Thus the non-zero roots of S(x) can at most be T. Result then 
follows from (5.4.6). □ 


Theorem 5.4.2: The LC of a GGMW^^ sequences (when monomial of second type is used ( 4 ^ 2 ) permute 
intermediate ring GR(4,r)) belongs to the range 


-I^r) 

( 2 ^- 1 ) 

Proof: First level GGMW sequence is isomorphic GMW sequence over GF(2) and hence its LC is equal to 
r(u)’®^’’^. LC of zeroth level sequences is calculated as follows. Since the monomial mapping '9^ is different 
for units and zero divisors, any sequence S'^ £ GGMW^*, can be written as sum of two sequences: 

= tr;(^[tr™(AQ‘)]) = 

= tr;({tr^“(A«‘)}^^''^^b + tr;(t’[tr;“(Aa‘)]) 


where ^ is a mapping as defined in Lemma 6.4.5. From Lemmas 5.4.4 and lemma 5.4.5, LC of the first 

sequence is r(u)^^^\ and that of second is bounded by — - — r. Since the non— zero transform position of 

( 2 - 1 ) 

the first sequence a"*’ coincides with that of second, the maximum achievable LC of is 
Hfbi 

r — r(u) as required. □ 

( 2 ^- 1 ) 
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When permutation monomial, of the fat type (»,) are need in the conttruction GGMW tiequence., 
LC computation done in the Theorem 5.4.2 no longer holds. Howerer a GGMW'*'' sequence A e 
GR(4,rti) can again be split up in to two sequences given by 


sf = trJC'P Jtr;“(Aa^)]) = tr;({tr^(Aa‘)}‘’) + tr;(4r>[tr™(Aa')]), (5.4.13) 

where b is in the range 1 < b < 2(2^-l) and as defined in Lemma 5.4.6. Consider the first sequence of 
(5.4.13) given by {sj}, si = tr^({tr^'^(Aa‘)}^). 2{sl} is a GMW sequence over < 2 >, and its LC is given by 
r(u)®^ \ where b’ = b mod 2^-1 and H(b’) is the number of ones in the binary representation of b’. Thus 
from Lemma 5.4.3, LC(S ) > r(u) ^ \ Unlike in the case of monomial of second type (’>?„), we can only 
give here a lower bound on LC due to difficulty in expressing in terms of However computer results 
indicate that LC of GGMW^^ sequences is of the same order as that GGMW^^ sequences. 


Example 5,^,3: GMW ^ sequences of period 4095; r = 6, u =2, and power polynomial permutation is 
7 

X — > X . Maximum achievable LC is 65*6 + 8*6 = 438. 

Example 5. 4 •4' GMW sequences over of period 63; r=3, u=2. LC properties of some families are given 
in Table 5.4.5. 


Table 5,4.2 Linear Complexity Properties of GGMW Sequences of Period 63 


Permutation 

b 

Linear complexity 

'p, 

3 

{27,12} 

$1 

5 

{12, 21, 27, 18} 


9 

{6, 12, 18, 27} 

4-1 

11 

{6, 12, 27, 24} 

13 

{12,18 27} 

^2 

1,2,3 

{6} 


5.5 Properties of Families of GGMW Sequences over Pp[w] 

■ This section gives Hamming correlation and LC properties of a subset of zeroth level GGMW 
sequences over P°[w’']. Let = {s.} be a zeroth level GGMW sequence associated with A e G^ of 
PGR (V^,ru), given by 


s. = tr;(«'V;“(^«‘)]).ieVu-l 


(5.5.1) 



121 


where is a generalized permutation monomial over PGR(V^r) as defined in Section 5.1.2. By using 
the ideal representation of over SP“[w], i e G^ of PGR*(V^^u) can be written as 

A = 1 + w(^’+ A’^ w+ ... + w'^"^ where A’^ e {G^,0} = SPGR(V,ru) (5.5.2) 

Then (5.5.1) becomes 

8. = tr;('I'[tr;“((l+wi>+w2^- +...+w’‘-2a>_j)q‘)]), i e (5.5.3) 

Thus component sequence in the ideal basis representation, l<j<k, {s. ., can be written as 

i e (5.5.4) 

where Al^= 1, and ^1, j > 0 are as in (5.5.2). Since a e SPGR(V,ru) = GF(V™), component sequences of 

S'^ are GMW sequences over SP^[w] = GP(V). Let ^(a) be number of occurrences of symbol a in S. 

Lemma 5.5.1 relates Hamming correlation transform (K®) of GGMW sequences to that of m-sequences. 


Lemma 5.5.1: Let S"^ be a GGMW sequence over P^fw*^]. Then ..^.^(a) is equal to number of occurrences 

A "A 

of symbol a in an m-sequence S . Thus Hamming correlation transform of S is same as that of 
A 

m-sequence S . 

Proof: Consider the elements of intermediate sequence of the m-sequence given by {tr^^(yla^), for 
all i € Z-- ). The monomial permutation permutes these elements of SI'^. Thus s.*s of (4.5.3) is 

some permutation of elements of m-^equence Thus J^A{di.) is equal to J^A{ 2 l). Result then follows 
from Lemma 4.4.1. □ 

From Lemma 5.5.1 it is clear that distribution of family of GGMW sequences is same as that of 
m— sequences. But the Hamming autocorrelation properties of GGMW sequences is not related to ^ alone 
in view of the fact that is a non-linear permutation on PGR(V^,r). We consider a subset of GGMW 
sequences which has optimal Hamming autocorrelations properties. 


5.5.1 Hamming Correlation Computation of a Subgroup of GGMW Sequences 

Let G’ and G’ be the Abelian and cyclic component groups of group of units of subring 

CL 0 ^ 

PGR*(V^,r) 6 PGR*(v’',ru). Let a subset of GGMW sequences given by J?= {S^, A 6 G^}. Using D.5 


of Appendix D and ideal basis representation, A 6 G^, can be written as 

A = 1 + w (A’+ A’ w+ ... + w'‘~^ A’), where A: € {G^ U 0} = SPGR(V,r) of PGR*(v'',r). Then from 
(5.1.8) and a trace property (D16 of Appendix D), componet sequence of S € J?, j =0,..k-l, {s._. i e 


Vu-i) 
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~ i e Vu-r (5-5-5) 

where = 1. Since a 6 SPGR(V,ru) = GF(V-), tr;“(a‘) for i e belongs to SPGR(V.r) = 

GF(V0. 


Lemmas 5.5.2 to 5.5.5 are used to compute autocorrelation properties of GGMW sequences 


''A 

belonging to Let S = {s.} be a GGMW sequence over P^lw^] belonging to the set 
0,1,. ..T-1, be decimated sequences of given by SD^ = {s.’, 0 < i< V'-i}; 




f Let Siy, j = 
®a+i*T)’ 


where T = . 

( 2 ^- 1 ) 


Lemma 5.5.2: Decimated sequence SD^, j = 0,1,...T-1, is a m-sequence of period V"^-! given by SD* = 
where 7?^= [trj^“(a’)]^^(i4) 

Proof: Follows from the definition of SD'’ and S'^. 

Let D(r) = {d.} be the point wise subtraction of shift of GGMW sequence from S"^, S'^ € p, 
then decimated sequences D^(t), of D(r), j = 0,1. .T-1, are given by D^(r) = {dl, i e d! = 

where T = . 

( 2 ^- 1 ) 

Lemma 5.5.3: Decimated sequence D^(r), of D(r), j = 0,1. .T—1, is given by a m-sequence of period V^— 1; 
DJ(t) = S'^J, where r?.= 5(j,r)4'(.4), (5(j,r) = ([trj"(a’)]'’- [tr™(Qp‘^’’)]*'). 

Proof: From the definition of ^ and S'^. 

Lemma 5.5.4: >^( 7 .)(a) = ® ^ subtraction of 

m-sequence from shift of 

Proof: When t = 0, the result is trivially true since both D(0) and MD(0) are all-^zero sequences. Let r^O. 
Prom the definition of m— sequences, decimated sequence of MD(r), MD^(r), is given by S^J, where 7?1= 
(5’(j,r)’i'(vl), 5>(j,r) = ([tr™(a^)] - [tr^“(a''*''^)]). 5’(j,r) and 5(j,r) are simultaneously zero or non-zero since 
b is relatively prime to 2^-1 which is the order of the SPGR*(V.r)- Thus D-’(r) is a some permutation of 
MD’(r). The result then follows immediately, o 
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Since m-^equences are linear sequences, MD(r) is also an another m-^equence Thus of 

D(r) has been related the weight properties of m-sequences which have been computed in Chapter 4 . 
Lemma 5.5.6 and Theorem 5.5.1 are the immediate consequences of this relation. 

Lemma 5.5.5: Let = p, then for decimated sequence D(t), r ^ 0, is given by 

for a = 0 

= forr^O 

Proof: Result follows from Lemmas 5.5.4 and 4.4.5. □ 

Theorem 5.5.1: Let = p, then Hamming autocorrelation function H^(r) is given by 

H^(r) = V"^-l, for r = 0 

= v('“)-^-l forr^O 

Proof: From Lemmas 5.5.5 and 4.4.1. □ 

5.5.2 Construction of Optimal Families of Sequences 
from GGMW Sequences over PjM 

Let = {s.} be a GGMW sequence over Ppiw*^] bdonging to then for every 7 6 Trace image of 
S'^, we define a sequence §"^( 7 ) given by {s.+ 7 , 0 < i < V"*— 1}. Then a family of sequences assocaited 
with is given by the set of sequences {S'^( 7 ), 7 e Trace image of S"^}. We denote such a family by 
GGMW(^). 

Theorem 5.5.2: Hamming crosscorrelation between any two sequences in the GGMW(X), 8 ^( 7 ^) and 

A 

S ( 72 ), is given by 

H (r) = V™"^- 1 , whenever 7 = 7 , 

7i72 

H (r) = V'“-l, whenever 7 , = 7 , and t = 0 
7172'' ^ 

^{t) = 0 , whenever 7 ^ ^ 72 and r = 0 . 

H (r) = whenever 7 ^ 7 ,. 

7172^ ^ ^ 

Thus the family GGMW(^) is optimal. 
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Proof: First two results foUow from Theorem 5 . 5 . 1 . Wheu 7^ # y is given by 

which is zero since D( 0 ) is aU-^tero sequence. For r # 0 , H (r) from Lemma 4 . 4.1 is given by H (r) 

“ ' 4 )(r)^® = S (7^) - t’’(S (72)). This can be written as where D’ = 

A Aot^ 

s -S , using the definition of m-sequences. Result then Mows From Lemma 5.5.5. From (2.5.8) and 
( 2 . 5 . 9 ), the family GGMW(j 4 ) is optimal according to Lempel and Greenberger bound on H . q 

5.5.3 Sets of Frequency Hopping Patterns from 
Optimal Families of GGMW(^) Sequences 

Construction of frequency hopping patterns from GGMW(i4) sequences is similar to the procedure 
given in Chapter 4 . Each symbol a in the ring Pp[w^] is associated with a distinct frequency belonging to 
the frequency library. Schematic diagram of generating frequency hopping patterns from GGMW 
sequences over Pp[w^] is given in Fig 5 . 5 . 1 . Basis selector chooses linearly independent component 
sequences of S , 

Now it remains to compute number of GGMW(i 4 ) families. Similar to here also corresponding 
A 

to every GGMW-sequence S belonging to a family of frequency hopping sequences are constructed 
and the correlation properties depends on the rank number of ^(- 4 ). Hence, corresponding to a distinct 
GGMW family there are #(r,/?) different frequency hopping families of size V^. By following similar 
arguments of Section 5.3, number of distinct GGMW families in this case can be shown to be equal to 
((()( 2 ^^-l)/ru)((|)(r)/r). Thus number of frequency hopping sets of size V^, 1 < p < r is given by 
(t(2'''“l)/ru) ((j)(r)/r) #(r,/?). 


5.5.4 Linear Complexity of GGMW Sequences Pp[w’‘] 

Lemma 5 . 5 . 6 : Let = {s.} be a GGMW sequence associated with A 6 PGR (V^ru). Then LC of is 

• ^ A 

equal to the LC of its corresponding sequence over residue field (sequence obtained from S by taking 
modulo w on each symbol of S"^). 

Proof: From Theorem 2.5.5, the LC of is determined by expanding s. in the form 


v'“-2 . 


s. = S s .0^1 i 6 Z. 

‘ j=0 J 


'Vru_i> 


( 5 . 5 . 6 ) 
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where o i. primitive ia £ PGR(v‘,ni), had couatiag aamber o£ aoa zero coeffideat. ia the 

I'0({a})=|{ij:yo,jeZ^^,)| (5,5,T) 

where | {.} | represents the cardinaUty of the enclosed set. s'.’s are determined by 

v '“-2 

(5-5-8) 

Consider component sequence of and its transform S^. From (5.5.8), s. is non-zero if and only if 
one of is non— zero, 0<m<k. Non— zero transform coefficient positions of all component sequences are 

same since same monomial is used for permuting intermediate field elements (x >x^). Zeroth 

component sequence of S is the residue field sequence. Thus number of non— zero transform values of 
is equal to non-zero transform of values of its residue sequence. □ 

Thus LC of GGMW sequences is equal to the LC of corresponding GMW sequences. Thus LC of 
GGMW sequences of period 2^"-l over is equal to r(u)®^'’\ where b and H(b) are as defined in 

(5.1.8). 


Example 5.5.1: GGMW sequence over Pjfw^]; w = ^ generated by a £ PGR(V^,ru); V = GF(2), ru=6, 
r=3,u=2, such that a =a+l. Vectors over GF(2) in simple brackets represents Pjfw ] symbols. A GGMW 
sequence associated with A = [(10)] € PGR*(2^,6) is given by 

= {( 10 )( 10 )( 10 )( 10 )( 00 )( 10 )( 10 )( 10 )( 00 )( 00 )( 10 )( 10 )( 10 )( 10 )( 00 )( 10 ) 
( 00 )( 00 )( 10 )( 00 )( 10 )( 10 )( 00 )( 10 )( 10 )( 10 )( 00 )( 10 )( 00 )( 00 )( 00 ){ 10 ) 
( 10 )( 00 )( 10 )( 00 )( 10 )( 10 )( 00 ){ 00 )( 10 )( 10 )( 00 )( 10 )( 00 )( 00 )( 00 )( 10 ) 
( 10 )( 10 )( 00 )( 10 )( 00 )( 00 )( 00 )( 10 )( 00 )( 00 )( 00 )( 00 )( 00 )( 00 )( 00 )} 

The LC of the above sequence is 12. 

Example 5.5.2: Family of frequency hopping patterns of length 63 derived from a GGMW sequence over 

6 2 

GGMW(i4). GGMW Sequence is generated by ot such that a =a+l, a € PGR(V ,6), where V = 
GF(2). Permutation polynomial used to permute intermediate ring PGR(V ,3) is monomial x > x . 
Patterns are constructed from a GGMW sequence i = (10)4-(01)a-f(01)a +(01)a . St4{A) is 2. 
Number of patterns in GGMW(i) is 4. Elements of vl[t] are represented by 2-tuples over GF(2), for 
example, (11) represents 1+^. The GGMW family is given by 
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S'^ = {(11)(10)(10)(10)(01)(11)(10)(11)(00)(01)(11)(10)(10)(11)(01)(10)(01)(00)(10)(00)(11) 

(11)(01)(10)(11)(10)(00)(10)(01)(00)(00)(10)(10)(00)(10)(00)(11)(11)(01)(01)(10)(11) 
(01)(11)(00)(00)(01)(11)(11)(11)(00)(11)(00)(00)(01)(10)(01)(01)(00)(01)(01)(01)(00)}. 
Patterns of the family GGMW((10)+(01)Q+(01)a^+(01)a^) are given in Table 5.5.1. Pattern elements are 
represented using decimal numbers 0,1, 2, 3; a(0 of is represented by dedmal number a(2). 

Table 5.5.1 Patterns of Family GGMW((10)+(01)a+(01)o^+(01)a^) 


Pattern 0 = 311123130231132120103321310120011010332213230023330300212202220 
Pattern 1 = 200032021320023031012230201031100101223302321132221211303313331 
Pattern 2 = 133301312013310302321103132302233232110031012201112122030020002 


Pattern 3 = 022210203102201213230012023213322323001120103310003033121131113 



Chapter 6 

Sequences over the Proper Ideal of \ 
with Controllable Linear Complexity 


This chapter is concerned with construction of sequences over < 2 >, the proper ideal of 
through polynomial mappings from to < 2 >, and with their biphase correlation properties. A simple 
example of such a polynomial mapping is ^x) = 2x; x c Z^, which is equivalent to familiar homorphic 
mapping <;^x) = x mod 2, x € Z^, from Z^ to Z^. This mapping produces sequences over < 2 > which are 
structurally similar to corresponding sequences over Z^ and hence they are not of much importance. In this 
chapter we consider nonlinear polynomial mappings from Z^ to its ideal < 2 >, which result in 

structurally different < 2 > sequences from that of Z^ sequences. The ideal < 2 > is isomorphic to binary 
field and the quadriphase mapping <f) (refer (1.2.4)) on the ideal results in biphase signal set. Thus, families 
of Z^ sequences derived in Chapter 3 through mappings and the quadriphase mapping {(p) yield 
biphase families. The biphase families thus constructed are named by prefixing the word jKi&io their 
corresponding Z^ families. 

Construction of biphase sequences through transformations from quadriphase to biphase sequences 
is not new. Krone and Sarwate [3] have considered one such transformation. Polynomial mappings 
considered here are similar to the transformation given in [3] which also gives a method of evaluating 
correlation properties of biphase sequences and a bound on 6 for biphase sequences; 6 (biphase) < 

m&x m ftx 

quadriphase). The same correlation evaluation technique is used here also. But, crosscorrelation 
distributions of biphase families are computed using the properties of GR(4,r) and correlation transform 
distributions of the corresponding families. It is shown that many families are optimal according to 
Sidelnikov bound ( 6 <Jini) and Welch bound (6 < /T), where L is the period of the sequences. 

Another interesting feature of biphase sequences given here is their large linear complexity (LC) 
property. This follows from the nonlinear nature of polynomial functions considered. Generalized Blahut’s 
theorem (Theorem 2.5.5) for computing LC of sequences over is used to compute LC of resultant ideal 
sequences. The LC of biphase sequences derived here is quadratic in r, where r is the degree of extension 
ring used to define sequences. 
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The chapter is organized as follows. Section 6.1 gives nonlinear polynomial mappings from to 
< 2 >. Section 6.2 gives correlation expressions for biphase sequences in terms of correlation values of their 
corresponding sequences. Sections 6.3 and 6.4 discuss definitions and properties of families of biphase 
sequences denved from JTand families of Z^ sequences respectively. LC of the sequences are computed 
in Section 6.5. Comparison of new families of biphase constructions with known families is given in 
Section 6.6. 


6.1 Polynomial Mappings from to < 2 > 

Polynomial function ^x) = 2x, x 6 Z^, is equivalent to homomorpMc mapping ^x) = x mod 2, 

X £ Z^, from to Z^, which results in structurally equivalent binary sequences. Two other nontrivial 
2 2 

functions are ¥ij(x) = x — x and ~ ^ These were found by trial and error and one can verify that 
they are indeed mappings from Z^ to < 2 >. The above mentioned mappings are summarized in Table 
6 . 1 . 1 . 


Table 6.1.1 Table of Mappings from to < 2 > = GF(2) 


u 

u 



^3 



h 

0 

1 

0 

0 

0 

1 

1 

1 

1 

(jj 

0 

2 

2 

1 

-1 

-1 

2 

-1 

2 

2 

0 

-1 

-1 

1 

3 

-CjJ 

2 

0 

2 

-1 

1 

-1 


u € Z^, u = ; w = V —1 

(pj^(u)= u^-u; ^£> 2 ( 11 )= = 2u; 


It is easy to verify the following lemma. 

Lemma 6.1.1: The polynomial mappings a.ud given above are the only three mappings with the 
following two conditions imposed on the definition of mapping: 

1. Element ’0’ of Z^ has to map to ’0’ of < 2 >; ^0) = 0. 

2. |¥<x)=0| = |v?(x)=2|. 

Where | (.) [ represents number of solutions of (.). 
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Polynomial functions ^pj^(x) and y’ 2 (^) ssnerate equivalent binary signal sets from a family of 
sequences <}. over Z^, having a property that if S € (j), then 3S e since if S 6 (j), ^o^(S) = ¥’ 2 ( 38 ). Since the 
families derived in Chapter 3 have this property, only one of the functions is considered. Hereafter it 
is denoted by ip. 


6.2 Correlation Expressions for Biphase Sequences 


Let <(> be the quadriphase mapping given by ^(x) = c/, w = Let U = {u.} be a sequence 

over Z^ and let W and X be two polynomial sequences of U given by w. = vj(u.) and x = ¥!(3u.); W and X 
are sequences over the ideal < 2 >. Since the mapping tj) maps the < 2 > to biphase signal set { 1 , - 1 }, 
^(W) and ^(X) are biphase sequences. Then it can be verified that 

+ ^l-w)^(x.). (6.2.1) 

Thus a sequence over Z^ can always be split into two biphase sequences, and, conversely given any two 
biphase sequences it is possible to construct a quadriphase sequence. A Z^ sequence U and its 
corresponding polynomial sequences W and X as in (6.2.1) is denoted by U = [W,X]. Let U = [Xj,YJ and 
V = [X 2 ,Y 2 ] are two sequences over Z^ of period L. Then, it is easily verified that 


C'uuC'^) = 


(’■)] + 5‘^[^X^Y2('^^ ^^1^2 

(r)] + 5w[C^^Y^(r) - 


(r) 

ir) 


where C^g(r) represents aosscorrelation function between A and B; 
Also from ( 6 . 2 . 1 ), note that if U = [X^,YJ then 3U = [Yj,Xj]; hence 




(6.2.2) 

(6.2.3) 


(6.2.4) 

(6.2.5) 


Solving the above equations we get 

Cx|xV) = ■‘={Cuo(")) - „,„(’•)) (8'2-n 

where Re(x) and Iin(x) represent real and imaginary part of x respectively. Thus from (6.2.6) and (6.2.7), 

^max transformed biphase family becomes 

Q (BP) < 2 ^ (QP) , 

max'' ^ niax 


( 6 . 2 . 8 ) 
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where QP and BP represents quadriphase and its corresponding biphase famibes. 

Lemma 6.2.1 gives crosscorrelation between functions of m-sequences and Im-sequences 
using the correlation identities given above. 

Lemma 6.2.1. Let ) and ) be two ../flSiF'sequences corresponding to m— sequences or I— msequences 
and S° respectively. Then crosscorrelation between them is given by 

(piS )(p{s ) 

Proof: The proof follows from (6.2.6) and the linearity property of m— sequences and Im~sequences. □ 

6.3 Families of xss^Sequences Derived from Families over 

In this section we consider functions of m-sequence families. The corresponding binary 
families are denoted by Schematic diagram of generation of biphase sequences through 

mapping from to < 2 > is given in Fig 6.3.1. 


6.3.1 Weight Distribution of jif-X25®Family 

Weight distributions of ( families are computed from the correlation transform distributions 
of corresponding families. Let A be a sequence with weight vector W^, then weight vector of 
transformed polynomial sequence if{k) is given by 


m-Sequence 



Biphase 

Sequences 


Fig 6.3.1 Schematic Diagram for Generation of Biphase Sequences from Sequences Over Z^ 
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'^0 = """o + '"l (6.3.1) 

^2 = ^ + ^3 (6-3.2) 

^l = w^ = 0. (6.3,3) 

since under v?, elements 0, 1 are mapped to 0 and elements 2, 3 are mapped to 2. In view of (6.3.3), K of 
is given by (w’-wp. This is also referred as sequence imbalance. Thus by using (6.3.1)-{6.3.2) and K 
distributions of families given in Chapter 3.0, weight distributions and correlation transform (sequence 
imbalance) distributions of ...^^v'fliS^families (of period 2^—1, both r even and odd) can be easily computed. 
The weight and H distributions of Jiffamilies over given in Table 6.3.1. 

6.3.2 Correlation Distribution of 

Correlation distribution ^ of family is a set of crosscorrelation values of all pairs of 

sequences in the family; it is given by: 


Table 6.3.1 Weight and Correlation Transform Distributions of jiTFamily 
(a) Period : 2^-1, r an Odd Integer; r = 2t+l 


SI. 

No. 

^0 

^^2 

Imbalance 

(W 0 -W 2 ) 

No of 

sequences 

1. 

2^*+2*-l 

22‘-2‘ 

2‘'''^-l 

2*-i(2‘+l) 

2. 

22‘-2‘-l 

2^‘+2* 

-{2‘+Vl) 

2‘-l(2*-l) 

3. 

22‘-1 



2^Vl 


(b) Period: 2-1, 

r an Even Integer; r = 

2t 


Imbalance 


No of 
sequences 


22t-1^2*-U 22‘-'-2‘-' 


22t-l_2t-l_i -(2V1) 

«.2t r%2t 


2‘~^(2‘+l) 

2t-l(2t_i) 


3. 


-1 


1 





133 


6 0 < r < L, L:period} 

^ 0 < r < L, L;period} 


Corresponding to a fixed S‘ 6 let ^ be set of correlation 

•^={C(^S^)^s'’))('^)’ ^ ^ all S** € 

Then 5>can be written as: 


3= U 




s“e Jr33f-M 


values given by 
./f^J^family, 0<r< L} 


where U represents set theoretic union. Using Lemma 6.2.1, the set can be written as 


(6.3.4) 


(6.3.5) 

(6.3.6) 


{Re(ll(S'‘-S‘’“’’)) - Im(R(S*^-S^“’’)); for all s’’ e 0<t< L} 

As runs over all the sequences in the family, ba’’’for 0 < r < L takes all the values of GR(4,r)\{0}. Thus 
using the fact that ^family is linear, ^ can be written as 

{Re(K(S‘‘“®)) - Im(«(S^*“®)); for all B € (GR(4,r)\{0})}. 

The additive property of the GR(4,r) implies that 

{a-B, for all B 6 GR(4,r)\{0}} = {GR(4,r)\{a}}. (6.3.7) 

From the representation of GR(4,r) (Section 3.1), a-B € GR(4,r)\{a} is represented by a— B = c/3, c £ 
{G^/{a} U {2} U {0} } and /? 6 G^. As (a-B) runs through all values of GR(4,r)\{a}, in the 
representation a— B=c/3, c and /? takes all values from {G^/{a} U {2} U {0}} and G^ respectively. We 
have the following lemma. 

Lemma 6.3.1: K a-B = c/J; a 6 G^, B € GR(4,r)\{a}, /3 6 G^ and c 6 G^, then 3a-B = cd/J, where 
d=(l+2/r^). If a-B = 2/?: a € G^, B 6 GR(4,r)\{a}, 0 € G^, then 3a-B = 2{0+l). 

Proof: Easy to verify. □ 


By using Lemmas 6.2.1 and 6.3.1, and (6.3.7), ^ becomes: 


^ ={ {Re(«(S"^))-Im(«(S‘^=^)); for aU c & A c e {G^,0},^ G GJ 

U {Re( K(s 2^)) - ; for all ^ 6 G J } 

\ {Re(«(S‘^))-Im(«(S^'‘))} 


Now by applying (6.3.6), ^^becomes: 

U ({Re(K(S'^)) -Im(K(S'‘'^)); for all c & A c e {G^,0),A6 GJ 

U {Re( K(S^^)) - Im(«(S^(^'^^b) ; for all A ^ € G j} 

\ ({Re(ll(S"))-Im( S(S^*)). for all S" € 


(6.3.8) 


(6.3.9) 
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The third set in (6.3.9) it « dittribntion of the ,hlch has been computed in Chapter 3. 

Essentially it remains only to compute the following set given by 
^ = {Re(H(S‘^^)) - Im(K(S'*‘^^)); for all c & c e € G^} 

U {Re( K(S^^)) - Im(ll(S^(^^))) ; for all A ^ 6 G J U {L} (6.3.10 

where d = (1+2/?“^). Since ^ for every a is same, .S’can be written as 

3>= { ^ }**\{ H values of family } (6.3.11) 

where M is the number of sequences in the family. The 2““^ set in (6.3.10) takes a correlation 

value of —1, 2 —1 times, since Im(K(S ^^'*’^))) = q. Mainly it remains only to compute the values in the 
first set of ^ . Here as /? varies over G^, dc takes all values of G^ except c. The exact values of K of 
m— sequences S* for all a £ G^ is known and given the Table (3.4.2). The sample computation is illustrated 
below for J({r. odd). Refer Table 3.4.2, when c 6 K(S') = (2-1) + u (2*) and as ^varies over all G^, 

takes all the sequences firom subsets Si ^ c/except S' it self. Hence the correlation value of 
Re(R(5^)-Im(«(i3) = -l appears | S>\{\ .^|-1) = (2‘“^(2Vl))((2*"^(2‘+l)-l) times, 

Re(ll(i^) - Im(ll(.^) = 2‘+^-l appears \ ^\ \ S\ = (2*~^(2*+l))((2*~^(2Vl)) times, 
Re(K(i^)-Im(ll(5e)) = -l appears I 9\ \ 9i\ = (2*“V+1))((2*“V-1)) times, 

Re(K(.5^) -Im(K( < 2 >)) = 2*'^^-! appears \ 9\ \ <^\ = (2‘“^(2*+l))((2‘“\2 -1)) times. 

Similarly the correlation values are computed for c 6 ^ SI and oJf This way correlation values of ^ are 
computed. Then using (6.3.9) the correlation distribution can be computed. For similar 

arguments hold and the results are tabulated in Table (6.3.2). 

6.4 Families of JCii 5 ®Sequences Derived From j:^Families 

In this section, we consider nbn— linear feed forward ( functions of Im— sequence families. The 
corresponding binary families are denoted by Depending on the nature of families, following 

three types of families are considered. 

1. of Period 2(2^-l), r:odd and even. 

2. JC^'’'(tr(7)=0) of Period 2(2'-l), r:odd and even. 

3. of Period 2(2"-l), r:odd and even. 
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6.4.1 Weight and Correlation Transform Distributions 

Waght distributions are computed from their corresponding families (Chapter 3), by using 
relations 6.3.1 and 6.3.2. The weight and K distributions of are given in Table 6.4.1, 

Table 6.4.2 and Table 6.4.3. 


Table 6.3.2. Corrdation Distribution of 


a. Period: 2*-l, r an Odd Integer; r =2t+l 


Sl.No 


No of Occurrences 

1 

2-1 

2^1. 

2. 

-1 

(2^Vl)(4-2). 

3. 

2‘+^-l 

2‘“\2‘+l)(4"-2). 

4. 

-{2‘+4i) 

2*-1(2*-1)(4-2). 


b. Period: 2^- 

4, r an Even Integer, r = 2t 

Sl.No 


No of Occurrences 


2-1 

2 V 1 . 

-1 

3(2^‘‘^)(2’^+l)+(4"-2). 

2*+^-l 

2^‘“^(2‘"4i)(2"+1). 

-(2‘+^+l) 

2^‘-^(2‘~^-l)(2'+l). 

2*-l 

2‘-1(2*+1)(2^“W"'^-2). 

-(2‘+l) 

2t-l(2t-i)(22r-l-2r-l-i)_ 


6. 
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Table 6.4.1 Weight and Correlation Transform Distribntions of 

Families 

a. Period 2(2^— 1), r an Odd Integer; r =2t+l 


SI. 

No. 

'"o ^2 

Imbalance 

(^ 0 -'^ 2 ) 

No of 

sequences 

1. 

2'’+2*^-2 2*-2* 

2‘’'’^-2 

2*~^(2‘+l) 

2 . 

2"-2‘-2 2'^+2* 

-( 2 *+ 42 ) 

2 *“^( 2 ‘- l ) 

3. 

2'-2 2'' 

-2 

1 


b. Period 2(2*— 1), 

r an Even Integer; 

r =2t 

SI. 


Imbalance 

No of 

No. 

(v^) 

sequences 

1 . 

2*+2*-2 2-2‘ 

2‘+^-2 

2 *“ 2 ( 2 ‘“^+ 1 ) 

2 . 

2*-2*-2 2*+2‘ 

-{ 2 *+ 42 ) 

2 ‘- 2 ( 2 ‘- U ) 

3. 

2-2 2* 

-2 

2*“4i 


Table 6.4.2 Weight and Correlation Transform Distribntions of 

FamiHes 


a. Period 2(2^—l), r 

an Odd Integer; r 

=2t+l 

SI. 

^0 ^2 

Imbalance 

No of 

No. 


(Wfl-Wj) 

sequences 


■+2‘+^-2 

2r_2t+l 

2‘+^-2 

2t-2(2t-l^l) 

'-2*+^-2 

2*+2‘'‘'^ 

_{2*+2+2) 

2*-2(2*-U) 

2*-2 

2* 

-2 

3(2^‘“^)+l 


3. 
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Table 6.4.2 Contined. 


b. Period 2(2^-l), r an Even Integer; r = 2t 


SI. 

No. 

^0 

^2 

Imbalance 

(Wq-Wj) 

No of 

sequences 

1. 

2 '+ 2''-2 

2 ’'- 2 ‘ 

2*+^-2 

2 t " 2 ( 2 *- 4 i ) 

2 . 

2 ''- 2*-2 

2 ‘'+ 2 * 

-( 2 *+ 42 ) 

2 t - 2 ( 2 t - l _ i ) 

3. 

2"-2 

2 ' 

-2 

2 ^Vl 


Table 6.4.3 Weight and Correlation Transform Distributions 
of Families 


a. 

Period 2^-1, 

r an Odd Integer; r = 

2t+l 

SI. 

No. 


^2 

Imbalance 

No of 

sequences 

1. 

2 "+ 2‘-2 

2 ^- 2 ‘ 

2‘''’^-2 

2 *- l ( 2 Vl ) 

2 . 

2 - 2*-2 

2 ^+ 2 * 

-( 2 *+ 42 ) 

2 ‘- l ( 2 ‘- l ) 

3. 

2^-2 


-2 

1 


b. 

Period 2^-1, r an Even Integer, r 

= 2t 

SI. 

No. 

^0 

"^2 

Imbalance 

(W 0 -W 2 ) 

No of 

sequences 

1. 

2 "+ 2‘-2 

2 ''- 2 * 

2 ‘+ l -2 

2 *“ 2 ( 2 *~ Vl ) 

2 . 

2 - 2‘-2 

2 '+ 2 ‘ 

_{ 2 ‘+ 42 ) 

2 t - 2 ( 2 t - l _ i ) 


2^-2 2 ' -2 2 ^- 2+1 


3. 
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6.4.2 Correlation Distribution of Families 

From the linearity property and Lemma 6.2.1, the computation of conelation distributions runs on 
the same lines as given in Section 6.3.2, except that, here the number of sequences in a family is 2^~^+l 
and the period of sequences is 2(2^-l). The computation is illustrated for the case of 

Correlation distribution 3ol ig a set of crosscorrelation values of aU pairs of 

sequences in the family; it is given by: 

•S’ = {Cxy(’'). for aU X,Y e 0 < r < L, L:period} (6.3.4) 

3= IS^IS‘’ e 0 < r < L, L:period}. 

Computations of correlation values in runs similar to computation for 3ioi (Section 

6.3.2). Essentially, even in this case, it is sufficient to compute the correlation values of the following set 
SS " , given by 

={Re(K(IS^^)) - Im(ll(IS'^"^)); for all c & /?, c 6 G^,/? 6 GJ 

U {Re(H(IS^^))-Im(R(IS^^^^))); for aU /?, /? 6 GJ U {2(2"-!)} (6.4.1) 

where d = {l+20~^). Using arguments similar to the computation of .S?for Jffamily (Section 6.3), 
^can be written as 

3= { \ { S values of (6.4.2) 

where \ reprtesents set theoretic subtraction and superscripts indicate multiplicities. The 2°*^ set of ^ , 
takes a correlation value of -2, 2^-1 times, since Im(K(S^^^^^)) = 0. Mainly it remains now only to 
compute the values in the first set. Here also, as /? varies over G^, dc takes all values of except c. The 
sample computation is illustrated below for : odd). The exact values of S of 

Im— sequences IS^ for all a 6 G^/(l, 7 )( the values in the subsets *5^ "3^ and are given Tables 3.5.1, 

3.5.2 and 3.5.3. But, we need H values of all IS^, a E G^. Since K(IS^) = H(IS '^), H values of ^ and </ 

appear twice in the set {l^(IS^), a 6 G^}. Thus, the distribution values in {^(IS ), a E G^} is obtained 
from K distribution of family by multiplying a value of 2 to »no of occuerences* column of the entries 
correponding to ^ and ^ The distribution of {K(IS^), a E GJ for : odd) 

family, is given by 
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Sl.No 

Subset 

R 

No of Occurences 

1. 


2(2‘-l) 

2*(2‘~4i) 

2. 


-2(2*+l) 

2*(2‘“^-l) 

3. 

IS 

-2 + w2‘+^ 

22t-l 

4. 

If 

-2 - £j 2*+^ 

22t-l 


Refer the H values above, when c e R(IS') = 2(2‘-l) and as /? varies over all G^, takes all the 
sequences from subsets "i'except IS*^ it self. Hence the correlation value of 

Ee(«(:5^) -Im(H(35) = 2(2*-l) appears \y\{\^\-l) = (2*(2^-4l))((2‘(2‘-4l)-l) times, 

Re(HC;^) - Im(RC;^) = 2(2*-l) appears \'l’\\~l\= (2‘(2‘“Vl))((2*(2*“^-l)) times, 

R£(K(1^) — ^(RC^) = -2 appears | ’5’ | ] U | = (2\2*~^+l))2^*^~^ times, 

ReCRC^)) — Im(R("55) = 2'^"*’^-2 appears \~3^\\~^\= (2‘(2*“’^+l))2^‘~^ times. 

Similarly the correlation values are computed for c e "35 and "Sf This way the correlation distribution 3) 
is computed. Similarly correlation distribution of other JCSJ^famihes are computed and distributions are 
given in Tables 6.4.4, 6.4.5, and 6.4.6. 
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Table 6.4.4 Crosscorrelation Distribution of Family 

a. Period 2(2^— 1), r an Odd Integer; r = 2t+l 


SI. No 

K 

No of Occurrences 

1. 

2(2-1) 

2"“Vl 

2. 

(2‘+^-2) 

2‘~^(2‘+1)(22^~^-3) 

3. 

-{2‘+42) 

2*-1(2W)(22'“^-3) 

4. 

(2‘+2_2) 

2‘(2‘~4i)(2"“4i)2"“2 

5. 

-(2‘+2+2) 

2*(2‘~^-1)(2''“4i)2'~2 

6. 

-2 

3(22'-^+22"-2) + (22"-42'~^-2) 


b. Period 2(2’^—!), r an Even Integer, r = 2t 


SI. No 


No of Occurrences 

1. 

2(2-1) 

(2"~4i) 

2. 

(2*+ -2) 

2t-2(2‘"4l)(22''+2-3) 

3. 

-(2‘+42) 

2‘-2(2‘~^-1)(22''+2^-3) 


22‘-2(2^*+2'^-3) + (22^ ^+2"' ^-2) 


4. 


■2 
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Table 6.4.5. CJondation Distribution of X25a-^^7(tr(')^0) Family 
a. Period 2(/-l), r an Odd Integer; r = 2t+l 


SI. No 


No of Occurrences 

1. 

2(2^-l) 

(2'“4i) 

2. 

(2‘+^-2) 

2^*+2^‘(2’'“4i) 

3. 

-(2‘+42) 

2^‘-2®‘(2"“4i) 

4. 

(2‘+2_2) 

2t“^(2*“4l)(2^^~^-3) 

5. 

-(2‘+^+2) 

2t-2(2t-l_i)(22r-l_3) 

6. 

-2 

3(2'“^)(2^"~^-3) + (2^’'“V2‘^^-2) 

b. Period 2(2^— 1), r an Even Integer, r = 2t 

SI. No 

K 

No of Occurrences 


2(2’'-l) 

(2"“4i) 

(2‘'‘’^-2) 

2t~^(2*~Vl)(3 2^"“^+2''“^-3) 

-(2‘+42) 

2t-2(2t-l_i)(3 22r-2^2^-^-.3) 

(2‘+^-2) 

2t-1^2‘-2+l)(22^^+2^) 

-(2‘+^-2) 

2t-l(2t-2_i)(22r-4_^2^'^) 

-2 

2r-2(i9 22^-4+11 2'-3_3) + (22^42’ 


6. 
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Table 6.4.6 Correlation Distribution of Family 

a. Period 2(2^— 1), r an Odd Integer; r = 2t+l 


Sl.No 


No of Occurrences 

1. 

2(2-1) 

2'-4i 

2. 

2(2-1) 

2‘“^(2*+l)(2^"+2^-3) 

3. 

-2(2‘+l) 

2*-1(2*-1)(2^"+2^-3) 

4 

-2 

(2^^“^+2^~^-2) 


b. Period 2(2^- 

-1), r an Even Integer, r = 2t 

Sl.No. 


No of Occurrences 

1. 

2(2"-l) 

(2^“Vl) 

2. 

(2‘+^-2) 

2*~2(2‘~^+1)(2^’'+2^-3) 

3. 

-(2‘+42) 

2t-2(2t-l-i)(22r_|_2r-3) 

4. 

-2 

2'“^(2^'^+2^-3) + (2^^^+2'^~^-2) 


6.5. Linear Complexity Computation of AJiS^Sequences 

This section gives the LC distribution of .AifS^sequences. sequences are defined over the ideal 

< 2 > 6 which is isomorphic to binary field. The LC of sequences is computed using generalized 

Blahut’s theorem (Theorem 2.5.3) for computing LC of sequences over Z^. Since the ideal < 2 > is 

isomorphic to GF(2), LC thus computed over ideal sequences are indeed LC of binary sequences. Using 

Theorem 2.5.5, the LC of {s.} of period 2"-! can be determined by expanding s. in the form 

2 ^- 1 . .. , , 

s.= S s.a^,i€Z 2 r_^ (6.5.1) 

* j=0 ^ 

where a is primitive in G^, and counting number of non zero coefficients in the expansion. 

LC({s.})= |{Sj:s.^0,0<j<2'-l}| 


i 


(6.5.2) 
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The represeautioe of of (6.5.1) i. unique .iece 2’-l i. Klativel, prime to 4, which U the 
characteristic of the ring and s^’s in (6.5.1) is given by 


2 '-2 


= ■i'Vi 


(6.5.3) 


Sj’s are fourier transform coefficients of the sequence S. 


Theorem 6.5.1 gives the LC of sequences. 

Theorem 6.5.1: The LC of a zeroth level sequences of period 2"^— 1 is either r(r+l)/2 and 

r(r-l)/2. First level sequence is a binary m-sequence and LC is r. 

Proof: A sequence corresponding to m-sequence is given by 

S = {s.} = ip(S“); s. = (p(trj(aa‘)), i 6 

Expanding the above equation using the definition of trace function we get 


s. = 
1 


j=0 


b 

(2 >2 li 


Jl Jo r 

It is easy to verify that 2 +2 , 0 < jj < r-2, < j 2 < always less than 2 —1, and all are distinct 

integers which are not powers of 2. Hence, second term contributes LC of r(r-l)/2. First term will be non 

zero if a # 1. Hence LC of is r(r-l)/2 + r = r(r+l)/2 for all a 6 G^, except a = 1. For a = 1, LC of 

is r(r-l)/2. q 


In case of JCSi? Im-sequences we cannot make use of Blahut’s theorem since the period of 
Im— sequences is 2(2'^— 1) and the representation of (6.5.1) is not valid. In this case the roots of 

2^—1 2 

characteristic polynomial of sequences divides polynomial (x —1) and hence the multiplicity of roots 
can be at the maximum 2. The LC of the first level sequence which is a binary m-sequence is r like in 
Theorem 6.5.2 gives LC of zeroth level .TJS^Im-sequences. 

Theorem 6.5.2: The LC of a zeroth level ./JS^-^^sequences of period 2(2-1) is equal to r(r+3)/2. 

Proof: A zeroth level ./fJJ^sequence, corresponding to an Im-sequence IS“ is given by 

S = {Sj} = ¥>(18“); s. = i^>(trj(a( 7 a) )), i 6 ^ 2 ( 21 — 1 ) 

Expanding the above equation we get s. = s.’ + s,” , where 
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s.’ 

1 


») — 


r— 2 r— 1 j, j h Jo 

= 2 S E a'(a)<7 2(a) 

ji=0j2=ji+l 

y 2 f 1 J 2 

=2 S S since 2b = 1 for b 6 G ; and 

j^=0j2=j^+i 

’s^J^)Xl-oj“^(a)c7j-^(7‘)) 

j=0 

2's^a^2j)ip (jj _ 

j=0 J 


where P.(i) is polynomial in i of degree 1, and is given by P.(i) = (a^^(a) + i*< 7 j“^( 7 )), a = 1 + 2(a). 
Then from Theorem 6.21 [67], {s.’’} is the solution of lineax recursion with characteristic polynomial 

having roots a , i =0,..r-~l, with multiplicity two. Hence LC of {s.”} is 2r. Sequence {s.’} as in the 

•*1 ^2 
f2 ^4- 2 

previous case, has roots 4 0 < < r-l, < j 2 ^ its representation which does not coincide 

2^ 

with a ,i=0,..r-l. Hence the LC of {s.} is given by 2r+r(r~l)/2 = r(r+3)/2. Unlike sequences, 

all I— m— sequences have LC of r(r+3)/2. The LC of distributions families are given in the 

following table. 


Table 6.5.1 Linear Complexity Distribution of */#C2ySequence8 



family 

families 

LC 

No of Group 

No of Group 


Sequences 

Sequences 


r 

1 

m-sequence 

1 m-sequence 

r(r-l)/2 

1 

(P(S^) 

0 

r(r+l)/2 

2-1 

a#l € G^ 

0 

r(r+3)/2 

0 
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Example 6.5.1: Sequences of ^^sequences over < 2 > derived from m-sequences of period L 

= 7 generated by a e of GR*(4,3), such that are given in Table 6.5.2. 

Example 6.5.2: Sequences of Sequences of ^^^of period 15: .^resequences over < 2 > 

derived from m-^equences of period L = 15 generated by a e G^ of GR*(4,4), such that 3+a+2a2=a^, are 
given in Table 6.5.3. The minimum polynomial m Jd) is (H-3d+2d^+d^). 


Example 6.5.3: ./fie families of sequences derived from Im— sequences of period 30; three representative 
examples of different types of are given in Table 6.5.4. 


Example 6.5.4: families of sequences derived from Im-sequences of period 62; three representative 

examples of different types of families are given in Table 6.5.5. In Tables 6.5.2 — 6.5.5, Galois 

ring elements are represented as vectors over within brackets. 

Table 6.5.2 Sequences of Period 7 (Example 6.5.1) 

(a) Sequence S Imbalance LC 

im 

(300) 

( 120 ) 

(320) 

( 102 ) 

(302) 

( 122 ) 

(322) 

( 100 ) 


2222220 

--5 

2202002 

-1 

2 0 2 0 0 0 0 

3 

2 0 0 0 2 2 2 

-1 

0 2 0 0 0 2 0 

3 

0 2 2 0 2 0 2 

-1 

0 0 0 2 2 0 0 

3 

0 0 2 2 0 2 2 

-1 

0 0 2 02 2 2 

-1 


3 
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Table 6.5.3 Sequences of J'J&^JCofTenod 15 (Example 6.5.2) 


(a) 

Sequence S 

Imbalance 

LC 

(1000) 

000020200220220 

3 

10 

(3000) 

002022002202000 

3 

6 

(1200) 

020002220002020 

3 

10 

(3200) 

022000022020200 

3 

10 

(1020) 

200200002002220 

3 

10 

(3020) 

202202200020000 

3 

10 

(1220) 

220222022220020 

-5 

10 

(3220) 

222220220202200 

-5 

10 

(1002) 

002222222000222 

-5 

10 

(3002) 

000220020022002 

3 

10 

(1202) 

022200202222022 

-5 

10 

(3202) 

020202000200202 

3 

10 

(1022) 

202002020222222 

-5 

10 

(3022) 

200000222200002 

3 

10 

(1222) 

222020000000022 

3 

10 

(3222) 

220022202022202 

-5 

10 

(1000) 

002002202022220 

-1 

4 
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Table 6.5.4 ..4^5^ Families of Im-sequences of Period 30 (Example 6 . 5 . 3 ) 
a. Sequences of Family = 1 ; 7 = ( 1002 ) 

Sequences are generated by ja, 7 = (1002), a = (0100), ja = (2300) 
Minimal polynomial corresponding to 7 a is 3+d+2d^+d^ 

LC of sequences = 14 


a Sequence Imbalance) 


(1000) 002020202200222000222220020220 -2 

(3000) 000022000222002002220022002000 6 

(1200) 022002222022022020200200202020 -2 

(3200) 020000020000202022202002220200 6 

(1020) 202200000022222200002022202220 -2 

(3020) 200202202000002202000220220000 6 

(1220) 222222020200022220020002020020 -2 

(3220) 220220222222202222022200002200 -10 

(1000) 002002202022220002002202022220 -2 


b. Sequences of Family = 0 ; 7 = ( 1200 ) 

Sequences are generated by ya, 7 = (1200), a = (0100), ja = (0120) 

Minimal polynomial corresponding to ya is l+3d+d 
LC of sequences = 14 
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Table 6.5.4 Continued.. 

c. Sequences of Family = 3 ) 

Sequences are generated by 7 a, 7 = (3000), a = ( 0100 ), 7 a = (0300) 

Minimal polynomial corresponding to 7 a is l+d+ 2 d^+d^ 

LC of sequences = 14 



Table 6.5.5 ./^Ci^i^Families of Period 62 (Example 6 . 5 . 4 ) 

a. Sequences of Family = 1 ; 7 = (32000) 

LC of sequences = 20 

Sequences are generated by 7 a, 7 = (32000), a = ( 01000 ), 7 a = (03200) 
Minimal polynomial corresponding to 7 a is 1+d +2d +d . 


00202020220022200202000000222200202222222000222002202222222202 

02220022002222222220202020222000000022000220220200022020222222 

20022002002022020020020200220202220220000200200020000202222002 

22000000220222002002222220220002022020222020202222220000222022 

02002202000020002022202000202220022200000000002220222022220200 

00020200222220020000000020202020220000222220000022002220220220 

22222220222020222200222200200222000202222200020202020002220000 

20200222000220200222020220200022202002000020022000200200220020 

22200202020000222000020000022002002000002002020222000222202222 

20222200202200200022222020022202200200220222022020220020202202 

02020220202000002222000200020000020002220202002200202202202022 

00002222020200020200202220020200222202002022000002022000202002 

20000020200002020220222000002022222022220002200000020022200220 

22022022022202002202020020002222020222002222202202200220200200 

00220002022002200002202200000020200020002202222022222002200020 

02202000200202222020000220000220002220220022220220002200200000 

00202200222220002202220202000020020220022222000220222020200002 
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Table 6.5.5 Continued.. 


b. Sequences of Family = 0 ; 7 = ( 12000 ) 

Sequences are generated by 7 a, 7 = (12000), a = (01000), 7 a = (01200) 

Minimal polynomial corresponding to 7 a is 3+3d^+2d^+d® 

LC of sequences = 20 


^ K(IS“) 


! 10000) 00000020022002202202200000222220202202220020222022000202022202 —2 

30000) 00202220200222200000020202222200222022202202222202222222222200 -18 

10200) 20220002200002022020220200220222220200002220200000202222022002 -2 

30200) 20022202022222020222000002220202200020020002200220020202222000 -2 

10020) 02200202202000000022002000202200022220002020002200020002020200 14 

30020) 02002002020220002220222202202220002000020202002020202022220202 -2 

10220) 22020220020000220200022200200202000222220220020222222022020000 -2 

30220) 22222020202220222002202002200222020002202002020002000002220002 -2 

10002) 22002202222020220000220000022022002020000022020202202202002222 -2 

30002) 22200002000200222202000202022002022200022200020022020222202220 -2 

10202) 02222220000020000222200200020020020022222222002220000222002022 -2 

30202 ) 02020020222200002020020002020000000202200000002000222202202020 14 

10022) 20202020002022022220022000002002222002222022200020222002000220 -2 

30022) 20000220220202020022202202002022202222200200200200000022200222 -2 

10222 ) 00022002220022202002002200000000200000000222222002020022000020 14 

30222) 00220202002202200200222002000020220220022000222222202002200022 -2 

10000) 00202200222220002202220202000020020220022222000220222020200002 -2 


c. Sequences of Family — 3) 

Sequences are generated by 7 a, 7 = (30000), a = ( 01000 ), 7 a = (03000) 

2 5 

Minimal polynomial corresponding to 7 a is l+2d+d +d 
LC of sequences = 20 


IS* 


}1(IS*) 


1 10000) 00200020022022202222202020222200000222020020220002002222222222 

12000) 02222022200222220200000000222000202022202200222200222020222202 

10200 ) 20020002200022022000222220220202022220202220202020200202222022 

12200 ) 22002000022222000022020200220002220020020000200222020000222002 

10020 ) 02000202202020000002000020202220220200202020000220022022220220 

12020) 00022200020220022020202000202020022000020200002022202220220200 

10220) 22220220020020220220020220200222202202020220022202220002220020 

12220) 20202222202220202202222200200022000002202000020000000200220000 

10002) 22202202222000220020222020022002200000200022022222200222202202 

12002) 20220200000200202002020000022202002200022202020020020020202222 

10202) 0202222000000000020220222002000022200202222200020000220g020g 

12202) 00000222222200022220000200020200020202200002002002222000202022 

10022) 20002020002002022200020020002022020022022022202000220022200200 

12022 2202002222020200M2S2S00002222222222200202200202000220200220 

10222) 002220022200022020220002200000200020202002gg0g2022002200000 

12222) 022000000022022200002022000002202002200220022222202^200200020 

10000 ) 00202200222220002202220202000020020220022222000220222020200002 


-10 

-10 

-10 

6 

6 

6 

-10 

6 

-10 

6 

6 

6 

6 

-10 

6 

6 

-2 
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6.6 Comparison of New Biphase Constructions with Known Families 

Table 6.6.1 gives the compaiisoa of binary famiUes derived in this paper with previously known 
constructions. Many new optimal families are added to the list. The family = 3) is 

interesting in the sense that it satisfies welch bound on 5 (0 < /TT) and compares with bent and 

Kasami (small S6t) sequences. The number of sequences in the new family is L/4, where as Kasami and 
Bent sequences have only ifJT sequences in their family. However, unlike Kasami and Bent, new families 
are not balanced. With respect to LC, the performance of the new family is in between Kasami and Bent 
sequences. If the sequences with period 2^—1 of these families are compared, the LC^s of Kasami sequences, 
bent sequences and the new families are linear in r (2r), exponential in r and quadratic in r respectively. In 
the following table optimal Sidelnikov bound means < V 2L , and suboptimal sidelnikov means 0^^ 

<2/t: 

If we closely observe the correlation properties of sequence families, we note that not always 
optimal families (Welch bound) has resulted optimal binary families. In one case suboptimal 
sequence family has yielded an optimal binary sequence family. Table 6.6.2 gives the properties of various 
quadriphase and biphase sequence families obtained under v/^CSi^^mapping. 
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Table 6.6.1 CompaiisoE of New Biphase Sequence Constructions with Previously Known Families 


Family 

Period 

N 

Family 

8 i ze 

Maximum 
a chievable 

L i nea r s pan 

C 

max 

Comment 

Gold 

2"-l 
(r :odd) 

2'’+l 


2r 

j^2('+V2) 

Optimal 

(Sidelnikov) 

Gold 

2"-l 

(r : even) 

2’^+! 


2r 

l+2(r+2/2) 

Suboptimal 

(Sidelnikov) 

Kasami 
Small set 

2-1 
(r :even) 

21/2 


3r/2 

1 + 2=^/2 

Optimal 

(Welch) 

Kasami 
Large set 

2-1 
(r :even) 

2"/^(2"’+l) 


Sr/2 

1+2('+2/2) 

SubOptimal 

(Sidelnikov) 

Bent 

Sequences 

2"-l 
(r : 4t) 

2r/2 


'r/2' 

2r/4 

1 + 2^/^ 

Optimal 

(Welch) 


2-1 
(r :odd) 

2^+1 

1 

:(r+l)/2 

1+2('+1/2) 

Optimal 

(Sidelnikov) 

(r : even) 

2-1 

2"+l 

1 

:(r+l)/2 


Suboptimal 

(Sidelnikov) 

tr( 7)=0 

tr( 7 )=l 

2(2-1) 

(r : odd ) 

2'"Vl 

> r(r+3)/2 

2(l+2("+^/^^) 

Suboptimal 

(Sidelnikov) 

( 7 = 3 ) 

2(2-1) 

(r:oddj 

2^^+l 

> r(r+3)/2 

2(1+2^"”^/^^) 

Optimal 

(Welch) 

tr(7)=l 

( 7 = 3 ) 

2(2-1) 

(r;even) 

2'“^+l 

> r(r+3)/2 

2(1+2^"/^)) 

Optimal 

(Sidelnikov) 

tr( 7)=0 

2(2-1) 

(r:even) 

2’'“4i 

> r(r+3)/2 

2(l+2^'^'''^^^^) 

Suboptimal 

(Sidelnikov) 
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Table 6 . 6 . 2 . Optimality Properties of Quadriphase and Bipbase families under ./fC5!l?*Mapping 


Family 

Period 

Quadriphase family 

bi-phase family 

M 

2-1 
(r :odd) 

Optimal 

(Welch) 

Optimal 

(Sidelnikov) 

JC 

2-1 

(i : even) 

Optimal 

(Welch) 

Sub optimal 
(Sidelnikov) 

X<r^(tr(7)=l) 

2(2"-l) 

(r : odd ) 

Optimal 

(Welch) 

Sub optimal 
(Sidelnikov) 

X<f^(7=3) 

2(2-1) 

(r : odd) 

Optimal 

(Welch) 

Optimal 

(Welch) 

X<f’'(tr(7)=0) 

2(2-1) 

(r ; odd ) 

Sub optimal 
(Welch) 

Snb optimal 
(Sidelnikov) 

J^'^(tr(7)=l) 

2(2"-l) 

(r : odd ) 

Optimal 

(Welch) 

Optimal 

(Sidelnikov) 


2(2-1) 

(r : even) 

Sub optimal 
(Welch) 

Optimal 

(Sidelnikov) 

jjc\u(j)=o) 

(r ; even) 

2(2-1) 

Sub optimal 
(Welch) 

Sub optimal 
(Sidelnikov) 



Chapter 7 


Sequences over Semi— local Residue Class Polynomial Rings 

This chapter is coaceraed with coastructioa of slow frequency hopping (SFH) patterns derived from 
sequences over semi-local rings Pp[w(^)], where w({) is a composite polynomial of degree n over GF(p). 
Various families of frequency hopping patterns are constructed using internal direct sum representation of 
semi-locai rings Pp[w(0] and families of sequences over local rings Pp‘[wi(0^]> where w^(0^ is a factor of 
w(0- For convenience indeterminate ^ from the residue class polynomial ring symbol Pp[w(^)] may be 
dropped. Internal direct sum representation of P“[w] is given in Appendix F. These families have nice 
generalized Hamming correlation properties (the generalized correlation function is given Section 1.2). 

The chapter is organized as follows. Section 7.1 gives a brief description of slow hopping 
multiple-access (M— A) communication systems and requirements on the hopping patterns. Section 7.2 
gives a construction of SFH patterns from sequences over orthogonal ideals of Pp['w]. Internal direct sum 
decomposition of the ring Pp[w] into orthogonal ideals is given Appendix F. Families of sequences with 
ideal generalized Hamming correlation properties are presented. Construction of SFH patterns derived 
from one-coincidence sequences over Pp^iCw^)*^], where n^< n and (w^)*^ is a factor of w(^), is given in 
Section 7.3. Section 7.4 gives a SFH pattern generation procedure where different users have different 
frequency expansion factors. 

7. 1 Slow Frequency Hopping Multiple Access Communication Systems 

Slow frequency hopping is one of the common techniques for spreading the signal spectrum in data 
communication. The annount of frequency spread is in far excess of the m ini m u m bandwidth necessary to 
transmit the data (information bandwidth). This fact makes it feasible for many users to share a common 
channel. The channel is a simple OR channel; at every time instant it accepts n input signals X^, X2,..,X^ 
and emits X OR X OR,. -OR X at its output. In such a M-A situation, the channel bandwidth must be 
greater than or equal to the sum of information bandwidths of individual users in the system. 

The frequency library in a slow frequency hopping M-A system consists of large number of 
frequency carriers (frequency library of size | ^ | ) which are chosen to be orthogonal to each other over 
the transmission time duration T (these carriers are obtained by subdividing the entire bandwidth into 
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Fig 7.1.1 Slow Frequency Hopping Spread Spectrum System 
b. Receiver. 
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Fig 7.1.2 Time-frequency Graph of the Baseband Signal 



User 1 
User 2 


Fig 7.1.3 Time-frequency Graph of the Transmitted Signal for Example 7 1 1 
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7.1.1 Correlation Requirements on the Patterns 

Normally, in frequency hopping systems, it is required that mutual Hamming correlation between 
sequences should be small. In SFH M— A communication systems, one or more symbols are transmitted 
within one frequency hop (slot) and a hit would mean total loss of data transmitted in that hop [93]. Thus, 
apart from minimizing mutual Hamming correlation between patterns, hits resulting from presence of all 
the sequences in the system should be minimized. This prompts us to define a generalized Hamming 
correlation function which depends on all the sequences in the family, unlike Hamming correlation which 
depends on only on two sequences. It is defined as follows. 


Let {S\ m = be a set of n sequences of length L over certain alphabet Then the 

generalized Hamming crosscorrelation function concerning m*^ sequence is given by 

GCH^(ri,r 2 ,..,r^_l,r^^l,..,r^) = S gh{ S“.; , for all j ^ m) 


The corresponding autocorrelation function is given by. 


GAH Jrj,r2,....rJ = V gh{ S“.; , for all j } 


where gh is a function given by 


(7.1.1) 


(7.1.2) 


gh{a; bj,b 2 ,...b J = 1 if a € { bj,b 2 ,...,b^ } 

= 0 other wise. 

For proper asynchronous multi-user operation of SFH M-A systems, it required that each code 
sequence should satisfy following requirements: 

1 . Generalized Hamming autocorrelation function should have two levels; a large value for inphase 
correlation and a small value for out-of-phase correlation. 

2. Generalized Hamming crosscorrelation function should have a small value. 


temrk 7.1.1: In fast frequency hopping M-A systems, baseband symbol rate is much smaller than 

the hopping rate. This means that same symbol will be transmitted in k frequency hops (Diversity is k), 
k>l. Thus even if hit takes place at any hop, information due to the symbol is not lost completely. Thus 
during design of fast frequency hopping patterns, it is customary to consider only mutual Hamming 
correlation properties. However, the number of users for multiple access is limited by the frequency 
diversity. 
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7.2 Construction of Frequency Hopping patterns from Sequences over 
Orthogonal Ideals of Pj[w(^)j 

In. this section, properties of orthogonal ideals of polynomial residue class ring are used to construct 
sequences with ideal generalized Hamming correlation properties (crosscorrelation function is equal to zero 
for all values of r., refer (7.1.1)). Construction of hopping patterns is based on the internal direct sum 
representation of the ring Pp[w]. The decomposition of the ring Pp[w(^)] is given in Appendix F. 

In the following we consider P“[w(^)] with w(a) = w^(^)w 2 (^), where w^(^) and 
wise relatively prime polynomials. Let deg(Wj^(^)) = n^; deg(w 2 (^)) = n^. Then Pp[w(^)] can be written as 
a direct sum of rings PpH'Wj( 0 ] ^ orthogonal idempotent polynomial 

corresponding to rings P’^‘['w,(^)] and P“ 2 [w-(^)] respectively. Then ideals < e,(^) > and < e„(^) > are 
isomorphic to rings (^)] and P“ 2 [w-(^)] respectively. From the representation of P°[w(^)] it is clear 

p 1 p Z P*" 

that the elements of < ej^(^) > and < e 2 (^) > are distinct. Lemma 7.2.1 constructs cosets of < e^(0 > iii 

Lemma: 7 . 2 . 1 : Cosets of < ej^(f) > = Pp^[wj(^)] in the ring Pp[w(^)] are formed by adding unique elements 
of < e 2 (f) > to the ideal < ej^(a) >. Cosets are given by 

{a+< e ^(0 >} = {a + X : X e < 6^(0 > = PpVjCO]} 
for all a 6 < 62(0 > = Pp^[w 2 ( 0 ]- 

Proof; It is easily verified that the cosets are distinct. Also, each coset of < ej(^) > contains a unique 
element from < e 2 (a) >. If not so, then we have, x^^ it 0 and x^ € < ej^(^) > such that 

a+Xj^ = b ,with a ^ b, a,b 6 < e 2 (a) > 

This implies that a— b = x^ is a non— zero element of < e^(a) > thus leading to a contradiction. □ 

Sequences with ideal generalized Hamming correlation properties are constructed using cosets of 
< e^{0 > defined above. Elements corresponding to each sequence are drawn from a distinct coset. Since 
these cosets are mutually exclusive (there are no common elements among these cosets), ideal generalized 

n k 

Hamming correlation properties follow naturally. Optimal families sequences over P^fw ] given in Chapter 
4 are used to construct sequences with ideal generalized Hamming correlation properties. 
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7.2.1 Construction of Sequences with Ideal 

Generalized Hamming Correlation Properties 

In this section, a construction of sequences over Pp[w(^)] of length — 1 is described by making 
use of a sequence over A-s given in Lemma 7.1, Pp[w(^)] consists of p“* cosets of < e^(a) > = 

Ppi[wi(^)]. We make use of these cosets in the construction of sequences with ideal generalized Hamming 
correlation properties Each sequence over < ej^(a) > is assigned to a unique coset of < ej(a) > in Pp[w(^)]. 

Theorem 7.2.1; (Code Construction Theorem) Let S"^ = {s.} be a sequence over Pp^[w^(^)] of period 
p“i- 1 which has optimal Hamming autocorrelation properties. A set of V = p“2 sequences of length 
L = p“t _ 1 over P“[w(0] can be generated as follows. Associated with an element of A.(^) of P“2[w,(^)], 
9 < j < a sequence over Pp[w(^)], is defined as 

Fj = {Fj.,i = 0,l,..,p“i-l} 

P^. = s.(0ei(0 + A/0e2(0 (7.2.1) 

where e^(^) and e 2 (^) are idempotent generators of ideals in Pp[w(^)]. The generalized Hamming 
crosscorrelation function of is given by 

GCHpj(T^,.r^j,T.^^,..r^) = 0 for all r. ^ r. (7.2.2) 

and its corresponding autocorrelation function is given by 

GAHpj(r^,r2,...,Tj = AH^(rp (7.2.3) 

Proof: From internal direct sum representation of Pp[w(^)], F^. belongs to a coset of < e^(^) > associated 
with the element >. Since the cosets are mutually exclusive ideal crosscorrelation 

properties follow. Using this equation in (7.1.2) gives (7.2.3). □ 

Example Sequences are defined over P2['w(0]; where w(a) = Wj(^)w 2 (^); Wj^(^) = (1+^+$ )) 

wjCf) = (1+^^+e^). 

o 

Number of sequences in the set = 2 = 8. 

Length of sequences in the set = 7. 

Each sequence element is represented by an integer < 63 which is the decimal representation of an element 
of P2[w(0]. (evaluation of polynomial € P2[w(0] ^=2). Sequences are given in Table 7.2.1. 
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Table 7.2.1 Sequences for Example 7.2.1 


Sequence S° { 52, 46, 23, 35, 13, 26, 57} 
Sequence S^ { 22, 12, 53, 01, 47, 56, 27} 
Sequence S^ { 54, 44, 21, 33, 15, 24, 59} 
Sequence S^ { 25, 03, 58, 14, 32, 55, 20} 
Sequence S^ { 48, 42, 19, 39, 09, 30, 61 } 
Sequence S® { 08, 18, 43, 31, 49, 38, 05} 
Sequence S® { 37, 63, 06, 50, 28, 11, 40} 
Sequence S'’’ { 16, 10, 51, 07, 41, 62, 29} 


The generalized Hamming correlation properties of sequences in the above theorem depend on the 
Hamming autocorrelation properties of sequence S"^ used in the construction. Also, a single sequence (S^) 
over above construction. Since the crosscorrelation properties mainly follow from 

the coset structure of P“[w(^)], it is possible to consider different sequences while constructing sequences 
over different cosets of Pp[w(^)]. Such a SFH M— A communication system is considered below. The coset 
structure ensures certain slots for a particular user. In the M— A communication considered, frequency slots 
in which any user transmits his message is represented by an element in Pp[w(^)] and each user is assigned 
with slots indicated by a distinct coset. The general arrangement for sequence generation is given 
Fig. 7.2.1. 

In the above M— A system total of frequency slots available are p“, the order of Pp[w(^)]. Each user 
can use p'^i slots. Thus frequency expansion factor for any i*'^ user is K. = p“i. Even if any particular user 
occupies some fraction of the total available frequency slots, individual frequency slots are distributed in 
the entire band of spectrum available. Hence virtually each user occupies entire frequency spectrum of 
M— A system. 
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e^CO 


Fig 7.2.1; A Code Generation Arrangement for Slow Hopping M— A Commnnication Environment 

7.3 Construction of Set of Hopping Patterns over Pp[w(^)] from 
One-coincidence Sequences over Pp^fwJ 

In the code construction of Section 7.2, the elements of any sequence belong to a distinct coset. 
Hence number of sequences are limited by the number cosets in the ring Pp[w(^)]. If a larger set of 
sequences is required, then the requirements on the ideal generalized hamming correlation properties of 
sequences need to be relaxed. In the following we give one such construction using one— coincidence 
sequences of length p“>— 1. Before doing that, let us calculate the generalized Hamming correlation 

properties of one-coinddence sequences. 
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Lemina 7.3.1. A set of fx one-ooincidence sequences over Pp^[w^] of length — 1 has following generalized 
correlation values. 


GAHpj(r.,r^..r^^,r.^j,..rJ 

< for r. = 0 

J 

(7.3.1) 


< u— 1, otherwise 


GCHpj(Tj,.r^prj^^,..rJ 

< u—1 for all r. # r. 

1 ^ } 

(7.3.2) 


Proof: Generalized Hamining crosscorrelation concerning sequence can be written as 


L~1 


Ir-1 

^ 8li{ S” ; S^. , for aU j ^ m) 

1=0 ^ j 


= S h(S“ ; ) OR..OR h( S"^.; S“-\ ) OR h(S® ; )..OR li(S“ ; S" ^ ) 

where h is the Hamming function given by 
h{a; b) = 1 if a = b 


= 0 other wise. 

Hamming crosscorrelation between any two one-coincidence sequences is at most one. GCH^j(r) is the 
total number of coincidences for A-’ with u— 1 other sequences. Hence at the maximum correlation value 
can be u— 1 which proves (7.3.2). Similarly (7.3.2) (autocorrelation boimd ) also can be proved. □ 

In the following construction, fi one-coincidence sequences are employed in each coset increasing 
the total number of sequences to 

Theorem 7.3.1: A set of V = sequences of length L = p“i — 1 over Pp[w(^)] can be generated as 
follows. Let {S(l), 1 = l,..,Ai} be a set of n one-coincidence sequences over Ppi[wj(^)], then a set of 
are given by the set 

j = 0,1,..,/., m = l,..,p“2}; i e 

F('’"\ = s.(0e,(0 + Aj0e2(^) 

where {s.: i:=0,l...p“i - 1 } = S(j), one-coincidence sequence and A^(^) is unique in Pp2[w2(0]) 
m=0,...p“i-l. 

Generalized Hamming properties are given by 


GAHj.(m,j)(r.,rj^,.rj_^,r.^j,..rJ 

< p^*— /t for T. = 0 

< fjr-1, otherwise 

(7.3.3) 

GCHp(j)(r^,.rj_^,r.^^,..rJ 

< fjr-1, for all r. 

(7.3.4) 
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Proof: Proof runs similax to the construction in Theorem 7.2.1 except that here elements from (j, sequences 
belong to a distinct coset. Autocorrelations and crosscorrelations follow from, the properties of the 
one-coincidence sequences (Lemma 7.3.1) used in the construction, q 

7.4 Construction of Sequences with Variable Frequency Expansion Factors 

Frequency expansion factor (diversity) for different users in the above constructions are uniformly 
p“‘. A situation is considered where different users can have different frequency expansion factors in this 
section. Let us consider again the ring P”[w(^)], w(a) = w,(^)w„(^). According to Lemma 7.2.1, P“[w($)] 
consists of p°2 cosets of < e^(^) > = Ppl[Wj(^)]. When Wj(^) has factors which are pair wise relatively 
prime, then we can divide a coset of < ej^(^) > in to cosets of its subrings. These cosets contain less 
elements than the cosets of < ej(^) >. Sequences are then defined over these smaller cosets. Thus 
frequency slots available to different users can be varied. This way different users can have different 
frequency expansion factors. 

In the following we describe M— A system where different users will have different K.. Let w(a) = 
Wj(f)w 2 (^) where Wj(^) and W 2 (^) are pair wise relatively prime with deg(w^(^)) = n^, deg(w 2 ( 0 ) = 112 - 
Let 

Wi(a) = yi(0y2(0--yr(0- 

deg(y.(^)) = m,. Let ye,(^), ye„(^), ..., ye {$) be idempotent polynomials in P“[w(^)] corresponding to 
sub rings P™i[yi(0]> Then from Appendix F 

ei(a) = yej(0 + ye^iO + ye^(0 and 

= < yei(^) > ® < y^ 2^0 > ® ,-® < ye^(0 > ® < 62^^^ 

where ® represents internal direct sum symbol. 

i 

Let u.(^) = n y.(^), l<i<r and 
‘ j=i ^ 

^(0= ny(0,0<i<r. 
j=i 

Let d. and 3., l<i<r, be the degrees of u.($) and ur(^) respectively. Let the idempotent polynomials 

corresponding to rings Ppi[u.(0] and Ppi[ur($)], l<i<r, in Pp[w($)] be ue.(^) and ue.(0 respectively. Then 
from the internal direct sum structure (Appendix F), following follows. 
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ue.(^) = I ye.(0 

j=l 

1 

d. = S m. 

• j=l ‘ 

5ii(0 = SyeiU) 

j=i 

d. = Sm. 

1 . . j 

J=i 

eu.(0+ue.(^) = 

With the above configuiation, r different user groups can be identified. Users of i*^^ user group are assigned 
frequency slots corresponding to cosets of < ue.(^) > = There are p“i~^i cosets of < ue.(^) > in 

each coset < e^(^) >. The i*^ group of users are assigned with unique cosets of < ej^(^) >. Thus number of 

tVl Ti j 4 

possible users for i group is integer multiple of p i i. Code construction arrangement is shown in the 
Fig 7.4.1. Frequency expansion factor for each user in the i*^ group is k. = p*^!. B‘.($)ue.(if)+ A.(^)e,(^) 
constitutes address for sequence in i*^ user group. 

M— A system given above is a generalized arrangement to the one given in Sec. 7.2. In the present 
case, alphabet size for different users are different. Hence the sequence length of different users can be 
different. Sequences constructed in Chapter 4 can be used in this M— A arrangement. Since sequences thus 
defined belong to a unique coset in Pp[w(^)], ideal generalized Hamming correlation properties follow as in 


Sec. 7.2. 
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AjCOejCO 



sequence in USERGR013P 1 





uejCO 


sequence in 6SERGR0IIP 2 


k.iOe^iO 



ue^CO 


sequence in ESERGROUP i 


B 70 Si ,(0 A^COejCO 



ue^(0 

sequence in USERGROUP i 


B*j(^)’8 are distinct elements of Pp*[i£(^)] 

A.(^)’s axe distinct dements of Pp*[w 2 (^)] 

Fig. 7.4.1 Code Generation Arrangement for Slow Hopping M— A system with 
Users Having different Frequency Expansion Factors 
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Example 7 . 4 . 1: w(e) = Wj(0w2(0 = = 0 + ^ 

yi(0 = ( 1 + e + ^), yjCO = ( 1 + 0. yaCO = ( o + 0. WjCO = ( i + $ + 

Ui(^) = {i + (+^y, UjCo = ( 1 + e + e^)( 1 + 0: ‘^3(0 = ( 1 + ^ + 

Total Number of frequency slots available = 128. 

Elements of Pp[w(^)] are represented in this example by decimal numbers between 0-127; a((^) € Pp[w(^)] 
is represented by the number a(^) evaluated at ^ = 2. 

Number of User Groups = Number of factors of Wj($)= 3. 

Idempotent polynomial yej^(a) = 0 + ^ ^ + ^ + 

Idempotent polynomial ye 2 (^') = 0+ ^ 

Idempotent polynomi^ 7^,(0 = 1 + ^ + 

Idempotent polynomial e 2 (^) = 0+ ^ 

User Group No 1: 

Number of users in this group : 4; 

Frequency expansion factor : 8; 

Sequence idempotent polynomial :eu^(^) = 0 + ^ + + + + 

4 

Alphabet for the sequence construction : < eUj^(^) > = PjIUjCO] 

Frequency Slots for U^^^ — 116, 10, 46, 80, 102, 24, 60, 66. 
corresponding address is — 0 + ^ 

Frequency Slots for U^j — 39, 89, 125, 3, 53, 75, 111, 17. 
corresponding address is — 1+ ^ 

Frequency Slots for U^g — 22, 104, 76, 50, 4, 122, 94, 32. 
corresponding address is — 0 + ^ + 

Frequency Slots for for U^^ — 69, 59, 31, 97, 87, 41, 13, 115. 

o ft 

corresponding address is 1 + $ + $ 

User Group No 2: 

Number of users in this group ; 2; 

Frequency expansion factor : 16; 

Alphabet for the sequence construction: < eu 2 (^) > = P 2 [u 2 (f)] 

Sequence idempotent polynomial uOgC^) = 0+ ^ + ^ + ^. 
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Frequency Slots for — 58, 38, 2 , 30, 74, 86 , 114, 110, 124, 96, 68 , 88, 12, 16, 52, 40. 
corresponding address is — 0 + ^ ^ 

Frequency Slots for — 105, 117, 81, 77, 25, 5, 33, 61, 47, 51, 23, 11, 95 , 67, 103, 123. 

corresponding address is — 1 + 


User Group No 3: 

Number of users in this group : 2 ; 

Frequency expansion factor : 32; 

Alphabet for the sequence construction: < eUj(^) > = P 2 [Uj(^)] 

Sequence idempotent polynomial : ueg(^) = 1 + ^+ ^ + ^ + ^®. 

o 

Frequency Slots for U 

0, 79, 56, 119, 112, 63, 72, 7, 70, 9, 126, 49, 54, 121, 14, 65, 42, 101, 18, 93, 90, 21, 98, 45, 108, 35, 84, 27, 
28, 83, 36, 107. 
corresponding address is 0 + 


Frequency Slots for U'^j: 

78, 1, 118, 57, 62, 113, 6 , 73, 8 , 71, 48, 127, 120, 55, 64, 15, 100, 43, 92, 19, 20, 91, 44, 99, 34, 109, 26, 85, 


82, 29, 106, 37. 

O O C 

corresponding address is 0 + 4 + $ + 5 + $ • 



Chapter 8 


Conclusions 

In this chapter we briefly summarize the results obtained in the thesis and suggest some research 
topics which can be studied on the lines of the approach taken here. 

8. 1 Summary of Results 

We have studied algebraic constructions of sequences obtained from residue class finite rings and 
periodic correlation and linear complexity (LC) properties of such sequences. Such sequences are of interest 
in polyphase and frequency hopping code division multiple-access (CDMA) communication systems. The 
finite rings considered in the study are: 

• Residue class integer ring modulo 2 : where k is a positive integer. 

• Residue class polynomial ring GF(p)[^] mod w(^): D“[w(^)], where w(() is an n degree 
polynomial over GF(p). 

Mainly local rings have been considered in the study since any general semi-^ocal ring can be 
expressed as a direct sum of local rings. The study includes generalizations of (i) sequence construction 
mechanisms and (ii) evaluation of correlation and LC parameters of constructed sequences. Sequence 
generation mechanisms using polynomial functions of trace sequences over finite fields have been 
generalized to residue class finite rings. Trace functions over Galois extension rings have been defined 
using automorphisms of Galois extension rings. The sequences are defined as generalized polynomial 
functions of trace functions over Galois extension rings. This generalization has resulted in a large number 
of families of sequences. Galois extension of residue class rings plays a similar role here as Galois fields for 
finite field case. Several novel methods for computation of periodic correlation properties (correlation 
values and their distribution) of constructed sequences are given. These are 

1) use of an Abelian association scheme on the elements of the Galois extension ring of for 
computation of periodic corrdation properties of sequences over Z^. 

2) use of generalized trace functions and vector space properties of Galois extensions of polynomial 
residue class rings for computation of correlation properties of sequences over polynomial residue 
class rings. 
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A g6ii6rsIizatioii of Blaiut’s complexity theorem for computing LC of sequences over finite fields, as 
applicable to sequences over residue class rings, has been used to compute the LC of constructed sequences. 

The approach used to obtain sequences over residue class rings is named as structural approach 
since the sequences are constructed over a finite alphabet purely fi;om the structural properties of the finite 
alphabet. These sequences are transformed into real (or complex) signals through an appropriate mapping 
0 from finite alphabet to a subset of real (or complex) numbers called signal set. Suitability of these 
sequences depends on the properties of transformed sequences and hence a major effort is devoted to this 
aspect. Properties of sequences are classified into primary and secondary properties. Properties, like linear 
complexity, period and r— tuple distributions, depend on structure of the finite alphabet and are termed as 
primary, while properties like correlation functions depend on the mapping used from finite alphabet to 
appropriate signal set and are termed as secondary. In the structural approach, secondary properties are 
difficult to control although they are critical in practice whereas primary properties are better controlled 
due to their immediate relation with their sequence generation mechanisms. A generalized correlation 
function between a pair of sequences over a finite alphabet is defined to take care of various correlation 
functions of practical importance such that the specific correlation functions can be derived from it as 
special cases. The generalized correlation function is characterized by (f>, a mapping from a finite alphabet 
to an appropriate signal set, and f, a binary operation which depends on correlation type and distance 
measure. Various correlation functions considered are binary, quaternary, and m— ary inner— product 
correlations, Hamming and Lee correlations, and block inner— product correlations. Using the generalized 
correlation function, a notion of finite ring alphabet matched to a signal set for a correlation is put forward 
in an attempt to ease the secondary analysis. In this notion, correlation operation f is isomorphic to 
subtraction in the finite ring alphabet and more importantly the mapping is linear. This allows us to make 
use of linearity in the ring domain for the evaluation of correlation properties of constructed sequences. 
The matching concept accordingly permits us to retain the advantages of linearity which in turn simplifies 
the analysis of sequences. Several finite rings are identified which are matched to various correlation 
functions and they are utilized to construct many optimal families of sequences. 

Equivalences of some correlation functions are also discussed in the thesis. A definition of 
equivalence is given and it is shown that Hamming correlations are equivalent to binary inner-product 
correlations and block binary Hamming correlations are equivalent to block binary inner-product 
correlations. 



170 


We have also considered generalized Hamming correlation functions which depend on all the 
sec^uences employed in the system. They Me useful in slow frequency hopping communication systems. 

Main results given in the thesis are summarized below; 

Various families of sequences derived in the thesis are classified into two categories: a) Families 
derived from local rings, b) Families derived from semi— local rings. Sequence constructions make use of 
following two important Galois extension rings 

• Galois extension ring of of degree of extension r, denoted by GR(2'‘,r). 

• Galois extension ring of Pp[w'‘], denoted by PGR(V^,r), where V represents the residue field P™[w] 
of order p™ isomorphic to GF(p”). 

Major constructions of sequences given in the thesis are: 

I) Trace sequences: Using trace functions firom Galois extension rings to one of its intermediate 
subrings, families of sequences called trace sequence families are defined using unit elements of Galois 
extension rings. These sequences are linear in the sense that sequences in a family are closed under 
pointwise ring addition. A family of trace sequences over a local ring also includes families of trace 
sequences over the ring ideals since a local residue class ring contains a chain of local ideals. The period of 
a trace sequence is determined by the multiplicative order of the unit element a used to define the family. 
The group of units of a Galois extension ring is in general Abelian which has a cyclic component group G^ 
isomorphic to the group of units of its residue field. An unit element a of the cyclic component group is 
called a primitive element if its multiplicative order is same as the order of the cyclic component group. 
The family of trace sequences is called a family of m-sequences or simply family if the unit element a 
used to define the family is a primitive unit element of the Galois extension ring. The main difference 
between finite field and finite ring m-sequences is that there is only one cyclically distinct field 
m-sequence for a primitive element a of GF(2*^), whereas in the ring case there is a family of m-sequences 
corresponding to an element a of the extension ring. Families of sequences constructed using trace 
functions are; 

1) families of quadriphase sequences derived from m-sequences and interleaved m-sequences over Z^, 

2) families of octaphase sequences derived fi:om m-sequences over Zg, 

3) families of frequency hopping patterns derived from m— sequences over Pp[w'^]- 
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II) Generalized polynomial sequences with controllable linear complexity: A method of obtaining 
controllable linear complexity using polynomial sequences over finite fields [47] has been generalized to 
residue class rings. A complexity enhancement procedure is given. The scheme makes use of generalized 
permutation polynomials over appropriate Galois extension rings. Generalizations of permutation 
monomials over Galois extension rings are considered and accordingly families of GGMW sequences over 

and Pp[w ] are defined. Families derived using this method are: 

1) Families of quadriphase sequences derived from GGMW sequences of period 2™— 1, r and u being 
positive integers, 

2) Families of frequency hopping patterns derived from a subset of GGMW sequences over Pp[w'‘]. 

III) Sequences obtained from mappings from a ring to its ideal: Nonlinear polynomial mappings from 

to its proper ideal < 2 > have been employed to define families of biphase sequences. Families obtained 
under this method are families of biphase sequences derived from m-sequences and interleaved 
m-sequences over Z^. 

IV) Sequences over semi-local ring Pp[w(^)]: Internal direct sum representation of Pp[w(^)] has been 
employed to define sequences over semi-local rings Pp[w(^)], where w(^) is a composite polynomial of 
degree n. The ring Pp[w(^)] is divided into different cosets of its subring and sequences are defined over 
these cosets. The resultant sequences have ideal generalized Hamming correlation properties. These 
families are useful in slow frequency hopping multiple-access communication systems. 

Important methods employed to determine the properties of constructed sequences are as follows. 

1) An Abelian association scheme on the elements of GR(4,r) has been employed to determine 
crosscorrelation properties of maximal length sequences and interleaved maximal length sequences over Z^. 

2) Vector space properties of PGR(v'^,r) and trace functions over PGR(v'^,r) are employed to 

k 

determine the Hamming correlation proi)erties of sequences over Pp[w ]. 

3) Linear complexity computations for sequences over rings derived in the thesis use generalized 
version of Blahut’s complexity theorem for sequences over finite field. The theorem makes use of 
generalized Fourier transform representation of sequences over rings. 
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8.2 Suggestions for Further Work 

Ie the study of sequences Galois extension rings provide a general setting in which sequences over 
GF(p), GF(p^), and Pp[w*'] appear as special cases. While lot of results exist for Galois fields in the 
context of study of sequences, very few results are available for and Pp[w^]. In this study we have 
considered rings Z^, Zg and Pp[w^] and many new constructions of families of sequences are given. With 
the rich structure of Galois rings, many more new constructions might be possible. Many algebraic 
properties of sequence construction methods will carry over to other rings also. It would be interesting to 
pursue work in this general direction. Specifically, we suggest following topics for further research. 

1) In this thesis we considered only periodic correlation properties of sequences. In practical systems 
several other parameters of sequences like aperiodic correlations, run length distributions, even and odd 
correlations are important. Analytical evaluation of these parameters may be difiicult and for most of the 
previously known sequences a recourse to computer simulation is taken. A similar approach using 
computers may be taken up for evaluation of these practically relevant parameters for optimal families of 
sequences derived in this thesis. 

2) Abelian association scheme considered in this thesis applies only to GR(4,r) and they were used in 

the evaluation of correlation parameters of m-sequences over Z^. The idea can be extended easily to 
k k 

GR(2 ,r) and GR(p ,r) where p is a prime and k is any positive integer. These results then could be used 
to compute correlations of m-sequences over Z^j^ and Z^^, but the complexity of combinatorial 
computations is expected to increase exponentially with k. It is indeed a challenging problem for further 
research. 

3) Generalizations of polynomial functions of trace sequences over finite fields to residue class rings 
constitute the important sequence construction methods used in this thesis. Other sequence construction 
methods over finite fields like construction of bent function sequences could also be generalized. 

4) Frequency hopping patterns are constructed from residue class polynomial rings in this thesis. 

Patterns could also be constructed from sequences over residue class integer rings. Some of the necessary 
results, like weight distribution of m-sequences over Z^, towards this are already present in the thesis,. 
These can be used to compute Hamming correlation properties of constructed patterns. Computation of 
Hamming correlation properties of general m— sequences over is an interesting problem. 
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5) It is shown in the thesis that binary Hamming correlation function is equivalent to biphase 
inner— product correlation function. This fact is responsible for efGdent realization of biphase 
synchronization schemes through binary H ammi ng corrdation functions [36]. Lee correlation is a counter- 
part of H ammi ng correlation for MPSK modulation. However, Lee correlation is not equivalent to MPSK 
inner— product correlations. Wolf [80] has shown that MPSK channel is matched to Lee metric and hence 
there is a possibility that distinguishability measures of Lee and MPSK inner— product correlations are 
related. It is worthwhile to investigate importance of Lee correlation in implementation of synchronization 
schemes for MPSK spread spectrum communication systems. 

6) We have stated a conjecture (Section 5.2.2) for characterizing correlation preserving permutations 
in complexity enhancement procedure for sequences over Z^. We feel that the theory of association 
schemes can be used to prove the result. It is an interesting problem for further investigation. 

7) We have given a multiple— access system using slow frequency hopping patterns derived in the 
thesis. Detailed study of topics like noise immunity and practical viability of such systems is needed. 

8) Some of the algebraic tools developed in the thesis can be used to study codes over rings. For 

example, negacyclic codes over of length 2'^— 1 can be studied using Galois extension ring GR(4,r). 
Generator polynomial of a negacyclic code of length 2*— 1 is a factor of the polynomial and 

elements of order 2(2*^— 1) in GR(4,r) are the roots of this polynomial. Investigations in this direction may 
give fruitful results. 

9) Block inner— product correlations are studied in cormection with only residue class polynomial rings 
in this thesis. Same idea could be extended to polynomial residue class rings of Z^. 

10) The thesis does not discuss cryptographic implications of the results directly. However, some of the 
constructed sequences can be used in cryptographic applications also. Requirements for sequences over 
residue class rings for cryptographic applications need further investigation. 

11) In this thesis non-linear polynomial mappings from a ring to its ideals have been specifically used 
to get sequences mainly for use in CDMA. Dai, Beth, and GoUman [85] have considered mappings from 
residue class rings to GF(2) for constructing sequences with large LC for cryptographic applications. This 
topic can be further studied which might lead to interesting applications. 
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12) Cryptographic systems using the ring Z^, where m and n are pair wise rdatively prime numbers, 
are common. Similar systems could be constructed based on polynomial residue class ring Pp[Wj(Ow 2 (^)], 
where Wj(^) and W 2 (^) are pair wise relatively prime polynomials. Polynomial residue class rings are 
perfectly suited for multiplexing on XOR channels [25]. Thus a multiplexing scheme with cryptographic 
features can be built using polynomial residue class rings. Studies in this direction might lead to novel 
cryptographic schemes. 



Appendix A 


Properties of and GR(2^,r) 


This appendix collects essential mathematical results of the residue class integer ring and its 
Galois extension ring GR(2'‘,r), as required for this thesis. 


Definition A.l: Let Z be the ring of all integers, and let k be any positive integer. Then is a residue 
class integer ring modulo 2^, denoted by a local finite ring. 

Definition A.2: Galois Ring GR(p'^,r): Let Z 2 ^[x] be the ring of all polynomials over Z^^. Let ^x) be a 
monic basic irreducible polynomial of degree r over V GR(2 ,r) is defined as Z 2 jj[x]/V(x); the residue 
class polynomial ring mod ii(x) (Set of all polynomials of degree r— 1 over Z^j.). 


Construction of GR( 2 '',r): 

Choose i>{x), a basic monic irreducible polynomial over such that the multiplicative order of 

element x in Z^j^lxJ/^x) divides (x -1) (There always exists such ^x)). Then GR(2 ,r) contains 
r— 1 . . 

elements of the form E a.x , a.€Z„v. Alternatively elements of GR(p ,r) can be viewed as vectors of length 
i=0 ‘ ‘ ^ 


r over Z 


2k- 


Structural properties of GR(2’',r): [87,88] 

V k 

Al. For every positive integer d, there is a natural inclusion of GR(2 ,r) into GR(2 ,dr), similar to 

k k 

Galois fields. In other words, every sub ring of the ring GR(2 ,r) is of the form GR(2 ,s) for some divisor s 
of r. Conversely, for every positive divisor s of r, there is a unique sub ring R which is isomorphic to 
GR(2’',s). 

A2. There is a natural homomorphic mapping from GR(2'',r) to GR(2'‘“‘,r), for each i, 0 < i < k, and 


there are exactly r such mappings. 
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Ideal structure of galois rings: [st.ss] : 

A3. Every ideal in GR(2'^,r) is generated by an element 2* and is of the form < 2* > = 2‘*GR(2’‘,r), 
0<i<k. The ideal 2*GR(2''‘,r) is principal. Ideals exhibit the chain property such that elements of < 2' > is 
present in all ideals < 2-’ > , j < i ; 

<2’'GR(2’',r)> c <2^“^GR(2’',r)> c . . C <2GR(2^,r)> c <GR(2'",r)> 

A4. The ideal <2*>,0<i<ki8 isomorphic to GR(2''”‘,r). 

A5. Every non— zero element of GR(2'',r) may be written as u2\ where u is a unit and t an integer 
0<t<k— 1. In this representation t is unique and u is unique modulo 

Group of units of GR(p'',r): [ 87 ] 

A6. The group of units of GR(2'‘,r), denoted by GR (2'‘,r), is given by the direct product of two groups 

Gg and G^; GR (2^,r) = G^» G^, where G^ is a cyclic group of order 2"^— 1 and G^ is an Abelian group of 

order 2^''”^^'^ whose structure is described below. 

a) . If k < 2, then G^ is a direct product of r cyclic group each of order 2^^”^ 

b) . If k > 3, then G„ is a direct product of a cyclic group of order 2, a cyclic group of order 

d 

2^~^, and r— 1 cyclic groups each of order 2^~^. 


Automorphisms of GR(p'',r) [ss]: 

The group of automorphisms of GR(2 ,r) is a cyclic group of order r. They are given by 


o^: 


r~l 

S 

i=0 


a.x 

1 


-> ( E a.x^ **) mod ^x), 0 < j < r. 
i=0 * 


Examples: 

GR(2^3): V<x) = 3 + X + 2x^ + x^ cr^(l) = or^(l), cr^(x) = x^ (r^(x^) = 2 + 3 x 4- 3 x^. 

GR(2^3): <l){x) = 7 + 5 x + 6 x^ + x^; cr^(l) = cr^(l), (T^(x) = x^ £r^(x^) = 2 + 7 x + 3 x^ 

GR(2^4): (pix) = 1 + 3x + 2x^ + x'^; cr^(l) = (T^(1), (7 ^(x) = x^, a\x^) = 3 + x + 2x^, 
cr^(x^) = 2 + 2x + x^ + 3x^. 

Properties: (Proof in Appendix B) 

A7. a (ab) = (T\a)CT(b), for any a,b 6 GR(2’',r) and for all i, 0 < i < r. 

A8. If cr\ 0 < i < rd , are the automorphisms of GR(2’^,rd) which fixes the ground ring then 
0 < j < d, are the automorphisms of GR(2 ,rd) which fixes the intermediate ring GR(2 ,r). 
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These automorphisms are similar to the automorphisms of GF(2^). However they can be viewed in 
two different ways in case of GF(2*): 

(i) Vector space sense (VS): In GF(2^), field elements can be viewed as a vector space over GF(2) with 
1, X, X^...x^~^ as the basis and automorphisms can be seen as linear transformation of the basis 
elements. The automorphism transformations are identical to the equations given above. 

(ii) Multiplicative sense (MS): Here multiplicative property of the elements of GF(2'^) is used to define 
automorphism mapping. For any a € GF(2’'), r automorphisms of GF(2^) is defined as 

</(a) = (a)^ ; 0 < i < r. 

Automorphisms defined above for GR(2’',r) are similar to VS automorphisms of GF(2*^). MS automorphism 
mappings of GF’s vrill not carry over to the Galois rings. This is because the group of units of a Galois ring 
is in general Abelian group, whereas, in finite fields they form a cyclic group, and, hence in the later case, 
both VS and MS sense automorphisms are identical. 


Trace functions 


divides 


Trace function maps elements of GR(2 ,r) to one of its intermediate sub rings. For every s that 

k k . • 

r, the trace function tr^(a!) is a mapping from GR(2 ,r) to GR(2 ,8); and is given by 


tr[(a) = 


I/O j — J. 

E where s divides r. 

i=o 


Following properties can be easily verified (Proof in Appendix B). 

A9. tr'(Q) = tr'^(«/‘^(a)) for all j, and belongs to the intermediate ring GR(2^,8). 

AlO. tr^(aa+ b^) = atr[(a) + btr^(^) for aH a,b 6 GR(2^,8) and a,/3 6 GR(2*^,r) 

All. The equation tr'(Q) = b, for any b, fixed element of GR(2'',s) has exactly M"^"* solutions in 
GR(2’',r), where M = 2^ 

A12. trj(a) = trj(tr;(a)) 



Appendix B 


Properties of Automorphisms and Trace functions of GR(2^,r) 
Properties of Automorphisms: 

Bl. cr‘(ab) = a (a)(/(b), for any a,b € GR(2V) and for all i, 0 < i < r. 

r—l . r—1 , 

Proof: Let a = S a. x\ and b = S b. x* 6 GR(2*,r), then 

i —A -^1 ; —A Jo 


crXab) = E E a. b. X ^ ^ 
j^=0 j2=0 h h 

(By Definition) 

f r-l 2*0 ) r-1 2*0,) 

=( E a X ' )( S b X 
j^=0h 12=0 h 

(Rearranegemnt) 

= cr*(a)a*(b) 

(By Definition) □ 


B2. If (/, 0 < i < rd , are the automorpbisnis of GR(2^,rd) whicb fixes the ground ring then 

0 < j < d, are the automorphisms of GR(2 ,rd) which fixes the intermediate ring GR(2 ,r). 

Proof: It is easy to see that 0 < j < d, are automorphisms of GR(2^,rd) and forms a cyclic group of 

order d. Then it is sufficient to show that these automorphisms leaves the elements of the subring 

GR(2^,r) unaffected. Let a be a primitive element in GR(2^,rd) then a^, T = (2^^— l)/(2^--l) is primitive 

r—1 

in subring GR(2^,r). Then any element of GR(2^,r) is of the form S a.a'^^ 

i =0 

/■’('s since ((2"-l)+l)2j((2"^-l)/(2’^-l))i = mod (2"'^-!), and 

i =0 ' 1=0 ' i =0 ' 

hence belongs to the subring GR(2 ,r). □ 
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Properties of Trace functions 

B3. t/(a) = tr^(a“^(a)) for all j, and belongs to intermediate ring GR(2'‘,s). 


(r/s)— 1 . 

= S a^VKa)) 

By Definition 

1=0 

= cr'(‘+^)(a) 

(From A?) 

i=0 

(t/o)-! 


= S (/\a) 

(Rearrangement) 

i=0 


= tr;(a) 

(By Definition) 


Also, ( 7 *^(tr^(Q)) = tr^(a), 0 < j < r/s, and hence tr^(a) belongs to the intermediated ring GR(2'‘,s). □ 


B4. tr^(aa + b/3) = atr'(a) + btr^(;3) for all a,b e GR(2^,s) and a,P € GR(2^,r) 

(r/sH . 

Proof: tr‘^(aa+ h0) = S <T”(aa + b^) (By Definition) 

“ i=0 


(r/a)-l . (r/8)-l . 

= a( E cr“(Q:)) + b ( E (From (B.l) and (B. 2) and linearity) 

i=0 i=0 

= atr^(a) + btr^(^) (By Definition) □ 


B5. The equation tr^(a) = b, for any b, fixed element of GR(2^,s) has exactly solutions in GR(2'‘^,r), 
k 

where M = p . 

Proofi From the properties A.l and A.2, tr|(a) e GR(2 '‘,b), for all a € GR(2'‘,r), and hence tr*(.) is a linear 
transformation from GR(2’‘,r) to GR(2'',s). To prove that this mapping is onto, it is suffice to show the 
existence of a e GR(2'‘,r) such that tr^(Q) = a e GR*(2’‘,s), a unit. Such an a always exists due to 
Dadekind’s theorem for local rings (Given at the end of the Appendix). Let H(tr (b)), b 6 GR(2 ,8) be a 
collection of GR(2'‘,r) elements whose trace is b. Note that H(tr~^(b)) always exists since trace is an onto 
linear mappping. We note that the cardinalities of all the sets H(tr~'^(b)), b e GR(2'^,r), are equal, as for 

1 < I 

any non zero element b e GR(2 ,s), H(tr (b)) is formed by multiplying (a b) to all the elements of 
H(tr~^(a)). (a”^ exists, since there exists a such that tr|(a) = a, a; unit). There are precisely M" such sets 
accounting for elements of GR(2’^,r), M = p'^. Thus cardinality of each subgroup is □ 
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B.6. tr;(a) =tr;(tr;(a)) 

(r/s)— 1 . 

Prcx)f: RHS = tr^( S (By DefinitioE) 

8—1 . (r/s)—! . 

^ = S S (Re arrangement) 

r— 1 . 

= E cr^(Q) = LHS (By Definition) □ 

j=0 

Dedekind’s Theorem for Finite Local rings. 

Theorem B.l: If R is a finite local commutative ring and distict cyclic automorphisms of R, it 

is not possible to find a^jUj-.-a^ not all zero such that 

a^cr^(u) + a2cr^(u) + . . . + a^<r“(u) = 0 (B.l) 

and also it is not possible to find not all zero divisors such that 

a^£r^(u) + a 2 (r^(u) + . . . + a^cr“(u) = Rj (B.2) 

where Rj is any ideal of zero divisors present in R. 

Proofi The proof of the theorem runs similar to its counterpart for finite fields [94]. Suppose we find set of 
^’8 satisfying (B.l), then we could find such a relation having as few nonzero terms as possible; on 
renumbering the following minimal relation can be assumed: 

ajcr^(u) + a2cr^(u) + . . . + a^(7^(u) = 0 (B.3) 

where a^j-.a^ are all different from zero. We may assume m > 1, since if m = 1, aj^(T^(u) = 0, for all u e R, 
implies = 0. Since the automorphisms are distinct, there exists a unit element c 6 R, such that 
a^(c) ^ (r“(c). The relation (B.3) must hold for (cu) also, since for aU u € R, cu e R. Thus, applying cu in 
(B.3), we have 

a^ a^(c)u’^(u) + Uj a'^(c)rr^(u) + . . . + a^ (5^(c)i7“(u) = 0 (B.4). 

But, (B.3) * CT^(c) - (B.4) becomes 

bjuV) + • ■ • + ^ 

where b. = a.(crVc) — cr^(c) for i =2,..m. Observe that b.’s are in R, and b ^0, since a -^0 and 
cr^(c) i: ( 7 ^(c); yet (B.5) is true. This produces a shorter relation than (B.3) resulting in a contradiction. 
Hence the first assertion. To prove the second, suppose that we find such a relation, then multiplying (B.2) 
with the annihilator ideal of Rj yields the relation of the type (B.l). Not all the coefficients in this relation 
are zeroes, since in the original equation not all coefficients are zero divisors. Thus, this contradicts the 
first assertion. Hence the proof. □ . 



Appendix C 

Irreducible polynomials over Z. and Z„ 

4: O 


Note: 1. Irreducible polyuomialB of degree r are listed as vectors of length r+1; for example 3121 
means a polynomial 3+x+2x^+x^ 

2. Exponent of a polynomial a(x) is the least integer i such that a(x) divides x — 1. 

Cl All Basic Monic Irreducible Polynomials over Z^ of degree r; r = 3 and 4 

r = 3 


Polynomial 

Exponent 

Polynomial 

Exponent 

3121 

7 

3231 

7 

1121 

14 

1211 

14 

3321 

14 

3031 

14 

1321 

14 

1011 

14 

3101 

14 

3011 

14 

1101 

14 

1031 

14 

3301 

14 

3211 

14 

1301 

14 

1231 

14 


r = 4 


Polynomial 

Exponent 

Polynomial 

Exponent 

13201 

15 

mil 

5 

10231 

15 

11201 

30 

13131 

10 

10211 

30 

13001 

30 

13311 

10 

12231 

30 

11001 

30 

11331 

10 

12211 

30 

13221 

30 

13111 

10 

10011 

30 

11221 

30 

11131 

10 

10031 

30 

13021 

30 

11311 

10 

12011 

30 

11021 

30 

13331 

10 

12031 

30 

31201 

30 

33131 

10 

32231 

30 

33201 

30 

31111 

10 

32211 

30 

31001 

30 

31331 

10 

30231 

30 

33001 

30 

33311 

10 

30211 

30 

31221 

30 

31131 

10 

32011 

30 

33221 

30 

33111 

10 

32031 

30 

31021 

30 

33331 

10 

30011 

30 

33021 

30 

31311 

10 

30031 

30 
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C2 All Basic Monic Irreducible Polynomials over Zg of degree r; r = 3 


Polynomial 

Exponent 

Polynomial 

Exponent 

Polynomial 

Exponent 

7561 

7 

7231 

7 

5521 

14 

5211 

14 

3561 

14 

3271 

14 

1521 

14 

1251 

14 

7721 

28 

7471 

28 

5361 

28 

5051 

28 

3721 

28 

3431 

28 

1361 

28 

1011 

28 

7161 

14 

7631 

14 

5121 

14 

5611 

14 

3161 

14 

3671 

14 

1121 

14 

1651 

14 

7321 

28 

7071 

28 

5761 

28 

5451 

28 

3321 

28 

3031 

28 

1761 

28 

1411 

28 

7541 

28 

7011 

28 

5501 

28 

5471 

28 

3541 

28 

3051 

28 

1501 

28 

1431 

28 

3301 

28 

3251 

28 

1741 

28 

1231 

28 

7301 

28 

7211 

28 

5741 

28 

5271 

28 

7141 

28 

7411 

28 

5101 

28 

5071 

28 

3141 

28 

3451 

28 

1101 

28 

1031 

28 

3701 

28 

3651 

28 

1341 

28 

1631 

28 

7701 

28 

7611 

28 

5341 

28 

5671 

28 

7521 

14 

7671 

14 

5561 

14 

5651 

14 

3521 

14 

3631 

14 

1561 

14 

1611 

14 

7761 

28 

7031 

28 

5321 

28 

5411 

28 

3761 

28 

3071 

28 

1321 

28 

1451 

28 

7121 

14 

7271 

14 

5161 

14 

5251 

14 

3121 

14 

3231 

14 

1161 

14 

1211 

14 

7361 

28 

7431 

28 

5721 

28 

5011 

28 

3361 

28 

3471 

28 

1721 

28 

1051 

28 

7501 

28 

7451 

28 

5541 

28 

5031 

28 

3501 

28 

3411 

28 

1541 

28 

1071 

28 

3341 

28 

3611 

28 

1701 

28 

1671 

28 

7341 

28 

' 7651 

28 

5701 

28 

5631 

28 

7101 

28 

7051 

28 

5141 

28 

5431 

28 

3101 

28 

3011 

28 

1141 

28 

1471 

28 

3741 

28 

3211 

28 

1301 

28 

1271 

28 

7741 

28 

7251 

28 

5301 

28 

5231 

28 
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C 3 Basic Irreducible Polynomials over Z4 of Degree r; r = 5, 6, 7, 8, 9 
Such that Exponent Divides 2''-l 


r = 5 


Polynomial 

Exponent 

Polynomial 

Exponent 

323001 

31 

321311 

31 

331031 

31 

331321 

31 

310311 

31 

300121 

31 


r = 6 


Polynomial 

Exponent 

Polynomial 

Exponent 

1302001 

63 

1130321 

21 

1110231 

63 

1001001 

9 

1211031 

63 

1301121 

63 

1230311 

21 

1320111 

63 

1002031 

63 




r = 7 

Polynomial 

■Exponent 


Polynomial 

Exponent 

31002001 

127 


31230321 

127 

33112201 

127 


32113111 

127 

30211321 

127 


30010201 

127 

32322111 

127 


33313321 

127 

33112311 

127 


31232231 

127 

33322121 

127 


33123311 

127 

30203001 

127 


32101231 

127 

31221231 

127 


30223311 

127 

32133201 

127 


30020031 

127 
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C3 continued... 


r = 8 


Polyaomial 

Exponent 


Polynomial 

Exponent 

123132201 

255 


113213321 

85 

132011111 

51 


100103121 

255 

123113031 

85 


111021311 

255 

132103001 

255 


113030311 

17 

121201121 

255 


132302031 

85 

130023121 

255 


130330201 

51 

111311201 

85 


121320031 

255 

121301001 

255 


111310321 

255 

102113111 

85 


130200111 

255 

102313201 

17 


100301231 

255 

111002031 

255 


102033031 

51 

121102121 

255 


113120111 

265 

123312311 

85 


130203231 

85 

123013111 

255 


111110231 

51 

130311321 

85 


102231321 

255 

r = 9 

Polynomial 

Exponent 


Polynomial 

Exponent 

3020300001 

511 


3023321001 

511 

3020112231 

511 


3021322121 

73 

3120122031 

511 


3231212201 

511 

3312113201 

511 


3002213031 

511 

3103121121 

511 


3230220111 

511 

3312320001 

73 


3003033111 

511 

3100031111 

511 


3311022111 

511 

3121031031 

511 


3101322001 

511 

3000200031 

73 


3311031201 

511 

3233001311 

511 


3120111031 

511 

3123001311 

511 


3211331201 

511 

3103103231 

511 


3210301311 

511 

3212300121 

511 


3213130321 

511 

3210131321 

511 


3313001121 

511 

3331101001 

511 


3232213201 

73 

3101131111 

511 


3003201231 

73 

3332203311 

511 


3212122031 

511 

3310132321 

511 


3230012321 

511 

3123021001 

73 


3023113321 

511 

3021332311 

511 


3313010321 

511 

3102232321 

511 


3333133031 

511 

3333100031 

511 


3313001231 

511 

3100020001 

73 


3330220121 

511 

3022323121 

511 


3003211201 

511 

3212130311 

511 


3000212311 

73 

3103330231 

511 


3023103311 

511 

3122330201 

511 


3102230231 

511 

3233231031 

511 


3000010201 

511 
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Properties of Pp[w(^)] and PGR(V^,r) [25, 88 . 95,] 

Definition D.l: Residue class polynomial ring P“[w(0] or simply P“[w]: Let GF(p)[$] be the ring of all 
polynomials over GF(p), the Galois field with p elements, p: prime. Let w(^) be a polynomial of degree n 
over GF(p). Then Pp[w(^)] is defined as GF(p)[x]/w(^), the residue class polynomial ring GF(p)[x] mod 
( Set of all polynomials over GF(p) of degree < n). While representing Pp[w] ring elements, the 
indeterminate ^ may be dropped for convinience. 

Dl: [25,95] Pp[ w] is a vector space of dimension n over GF(p). 

D2: Pp[w] is a commutative algebra over GF(p). It is also called as polynomial algebra generated a 
polynomial w(^). 

Classification of Pp[w(^)]: it is classified in to local or semi local ring depending on the nature of 

1 . 

w(^). If w(^) is a power of an irreducible polynomial a(^) over GF(p), w(^) = a(^) , k rpositive integer, 
then Pp[w(^)] is a local ring; and when k = 1, it is GF(p“). If w(^) is a composite polynomial, then 
Pp[w(^)] is a semi local ring. 

D3: P“[w(if)] is expressed as direct sum of its local constituents by making use of Chinese reminder 
theorem (CRT) for polynomials. 

If w(^) = n (w.(0)’'S then 
i=l 

PpKO] = Ppi'^Vi^'i] ® - ® ® - ® Pp'^lw (D-1) 

where ® represents direct sum notation for rings, m. is the degree of w., k > 1. 

A local residue class polynomial ring P“[w'‘(a)], w(^) is irreducible over GF(p), deg(w(^) = m, k>l, 
n = mk, is, in short, denoted by Pp[w'']- 
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PrOperti6S of the ring Pp[w^]: TMs is a local ring with chain of ideals generated by < >, 

0 < j < k, with < w(^) h > c < w(^) ^2>, The ideal < w(^) > is the naaximal ideal. The natural 

projection from Pp[w ] to the residue field P™[w] is denoted by In fact there axe k such projections 
ficom Pp[w'‘] to 0 < j < k. 

Zero divisors of Pp[w^]: 

D4: Elements of the maximal ideal, < a(x) > gives all the zero divisors of the ring. Every ideal of 
Pp[w^] is generated by an element w(^)‘, 0 < i < k and is of the form 

< w(^)' > = w(0‘Pp[w^] 0 < i < k. (D.2) 

Thus the number of zero divisors is equal to 


Group of units of Pp[w^] [88,95]: Pp[w^]*; 

D5 p“[wY is given by the direct product of two groups 
where Gpg^^^ is a cyclic group of order p“— i and Gpj^ is an Abdian group of order 


. and G : 

PRC PRA 


Pn[w ] - Gpp^Q ® ^PRA’ 


(D.3) 


Lemma D.l: The set {Gpp^,0} is isomorphic to residue field P^[w] and also a subspace of Pp[w'^] and 
hence it is a subring over Pp[w ]. 

Proof: Since is a cyclic group of order p“-l, the set satisfies multiplicative axiom of the 

field. It is sufficient to show that the set is closed under addition. Let a^, 6 ^Prc’ 

m mm 

(ai+aj)^ = +02^ ) = (a^ + a^) 

since for any ring of characterstic p, (a + b)^ = (a^ + b*^). This implies that (a^ + 02)*^ = 1, and 

(aj^+a2) 6 Gpg^Q- Hence the set {Gpg^Q>0} is closed under addition and the proof is done. □ 


Remark D.l: The set {GppQ,0} is not an ideal but a subspace of Pp[w'^]- It is referred as SP“[w]. 


Example: The ring P2[(l+^+^^)*]) ^(0 = 1+$^+^®- 

Zero Divisors: {0,(1+^+^^), where a is primitive in Gpj^,^; a= Gpi^cis 

the subfield SP^M. The basis elements of SP2[(l+^+^^)] are given by {1,$^,^'^} 
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Properties of PGR(V^,r): 

Definition D.2: Galois extension ring PGR(v’',r): Let Pp[w^][x] be the ring of all polynomials over Pp[w^]. 
Let V(x) be a basic monic irreducible polynomial of degree r over Ppiw'^]. PGR(V^,r) is defined as 
the residue class polynomial ring Pp[w^][x] modulo (set of all polynomials of degree 
r— 1 over Pp[w'‘]). 

Construction of PGR(V^,r): 

Choose i>{x), a basic monic irreducible polynomial over Ppiv*^] such that the multiplicative order of 
element x in P“[w'‘][x]/^x) divides (x^ 1). Construction of such a polynomial is given below. Then 

k . * It V 

PGR(V ,r) contains elements of the form E a.x\ a. G P^[w^]. Alternatively elements of PGR(V^,r) can be 

i=0 ^ ^ 

viewed as vectors of length r over Pp[w^]. 

Construction of irreducible polynomial over A basic monic irreducible polynomial over Pp[w^] 

is constructed from an irreducible polynomial over GF(V) as follows. Let f be the isomorphic mapping 
from GF(V) to SP^[w] which is a subfield of Pp[w^] and let be an primitive irreducible polynomial 
of degree r over GF(V). Then mapping the coefficients '^^^(x) by the mapping f gives an irreducible 
polynomial over Pp[w^]; ^x) = f(^^(x)). Multiplicative order of element x in P^[w^][x]/^x) divides 

(xV^— 1 ^ 1 ) jg primitive. 

Example D.2: Irreducible polynomial over P 2 [((l+^+^^)^]- Polynomial P 4- + x^+ x^ is a primitive 

irreducible over GF(2^) where = 1, ^ =/?+!. In this case the set {0, 1, 1+^^=^} is the subfield 

SP 2 [l+^+^^] isomorphic to GF(4). Then a mapping from 6 — > applied on the coefficients yields a 
corresponding irreducible polynomial over P 2 [((l+^+f^)^]. Thus -h (1+^^) x + x^ + x^ is a primitive 
irreducible polynomial over P2t((l+$4-^^)^]. Hence the set of elements {(aQ*fa^x+....a 2 X^"’^), 
a.ESP 2 [l+^+^^]} is isomorphic to GF(4^)). Similarly polynomial + (1+^^) x + x^ + x^ is a monic basic 
primitive irreducible over P 2 [((l+^+^^)^]- 

V k 

PGR(V“,r) is unique for a given r, degree of the extension [McDon]. Also it is dear that PGR(V ,r) 
is a module over Pp[w'‘]. But Pp[w'‘], a local ring can also be viewed as a vector space. When r = 1, 
PGR(v'‘,r) is equal to Pp[w^] and when k =1 it is isomorphic to GFCV"^). 
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Following two mappings are similar to GR(p^,r) [88]. 

D6: For every positive integer d, there is a natural inclusion of PGR(v'',r) into PGR(v’',dr), similar to 
galois fields. In other words, every sub ring of PGR(v'',r) is of the form PGR(v'',s) for some divisor s of r. 
Conversely, for every positive divisor s of r there is a unique sub ring R which is isomorphic to 
PGR(V^,s). 

D7 ; There is a natural homomorphic mapping (/i*) from PGR(v’‘,r) to PGR(v’^,r), for each i, 0 < i < k, 
and there are exactly r such mappings. 

Ideal structure of PGR(V’',r): 

D8l Every ideal in PGR(v'‘^,r) is principal, generated by an element of the type w(^)'^, 0 < j < k and is 
given by < w(^y PGR(v'^,r)>, 0 < j < k. The ideals exhibit the chain property such that 
< w'' PGR(V^,r) > c < w’‘“^ PGR(v’‘,r) > c ... C < w PGR(v’‘,r) > c < PGR(v'',r) > 

D.9: Ideal <w’>, 0<j<kis isomorphic to PGR(V^”'-^,r). 

D.IO: The extension field of subring SP“[w] is the subfield isomorphic to GFCV"^) (set of polynomials of 
degree less thcin r with coeffients from SP®[w]). We shall refer this as SPGR(V,r). 

D.ll: Every non-zero element of PGRCv'^jr) may be written as uw*, where u is a unit and t an integer 

k— t 

0 < t < k. In such a representation t is unique and u is unique modulo w 

D.ll: Zero divisors of PGR(V^,r): The elements of the maximal ideal < w > gives all the zero divisors 
and the total number of zero divisors is equal to 

Group of units of PGR(v'^,r); PGR*(v'",r): 

D12: PGR*(vV) is given by the direct product of two groups and G^, 

PGR*(V^r) = G^» G^ (D.4) 

where G^ is cyclic group of order V^— 1 and G^ is an Abelian group of order Elements G^ e 

PGR(V*‘^,r) are given by the set 

{1 + w(A’), A’ takes all the values of ;iPGR(v’',r) = PGR(v'‘“G)} 
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On the lines of proof of Lemma D.l, the set {0^,0} can be shown to be a subfield of PGR(v'^,r); it is 
denoted by SPGR(V,r) = GF(V"). 

Automorphisms of PGR(v’‘,r)[88]: 

The group of automorphisms of GR(p'‘,r) is a cyclic group of order r. They are given by 

. r — 1 . . 1 — 1 v^**\ 

a^-. S ax* > ( S oux *) mod 0 < j < r. (D.6) 

i=0 ' i=0 * 

Properties of Automorphisms 

DlSl <r*(ab) = (7*(a)ff(b), for any a,b 6 and for all i, 0 < i < r. 

D14: If cr*, 0 < i < rd , are the automorphisms of PGR(v'‘,rd) ,then a^, 0 < i < r are the automorphisms 
of PGR(V^,r). 

Trace functions: 

Trace function maps elements of PGR(v'*,r) to its intermediate sub rings. It is denoted by t/(Q), s 

k k 

divides r, a mapping from PGR(V ,r) to PGR(V ,s) and is given by 

(r/s)— 1 

tr^(a) = i where s divides r. 

“ i=0 

Following properties can be easily verified. 

D15: tr^(Q) = tr^( (7'“(a) ) for all i 

D16: tr;(a a+ b /?) = a tr[(a) + b tr[(/?) for all a,b € PGR(v’*,s) and q,/? e PGR(v’',r) 

D17: The equation tr^(a) = b, for any b, fixed element of PGR(v'‘,s) hats exactly solutions in 

PGR(v'*,r), where M = 

D18: trJ(Q:) = tr*(tr^(a)) 

D13 to D18 can be proved using similar arguments as done with their counterparts in Appendix A 
concerning properties of automorphism and trace functions of GR(2'‘,r). 



Appendix E 


Sequence Sets satisfying Welch’s Bound with Equality [4i] 


Let X - {x^, m = be a set of M complex vectors of length L. Then the inner-product 


between the vectors x^ and x^ is given by 


C (0) = S (x .X*.). 

mn^ ' . / mi ni'' 

1=1 

(E.l) 

The energy of the vector is defined as 


L 

E = E (x ,x .)• 
im mr 

(E.2) 


(E.3) 


Lemnaa E.l: For any real numbers aj^,a 2 ,.-,aj^, 

The equality holds if and any if a- = a. = ...= a^ . 

12 L 

Proof: Choose A = [apa 2 ,...,aj and B = (1/L)[1,1, •••)!]) vectors of length L. Then proof follows from 
Cauchy— Schwarz inequality which states that 

Caa(“)Obb('» ^ (%(»))' 

with equality if and only of A and B are proportional. □ 


Welch’s Bound Theorem: If x^, X 2 ,.., Xj^ are vectors of energy E in C^, then a sum of inner-products 
satisfy 


M M 

S S 

n=lm=l 


|C (o)|^> 


(M E)^ 
L 


(E.4) 


where lx| means modulus value of x. Equality holds in the above equation, if and only if, in an M by L 
array having x^,X 2 ,..Xj^ as rows, the columns are mutually orthogonal and all columns have same energy. 
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Proof; 


MM „ M M L 

^ ^ ^ ^ I ^ -X .)l 

- , ' mn' ' ' . . • mi Til-' I 


m=lii=:l 


mi nr 
* , 


m=ln=:l i=l 
M M L . L 

= S S (S (x .xJXS (x x .)) 

m=ln=l i=l ““ j=l 

L L M * M . 

= S E ( E (x .X .))( s (x .X .)) 
i=l j=l m=l ““ B=1 “ 


(From Definition) 

(Rearranging) 

(Reordering) 
(E.5) 

Consider the M by L array A having x^^, X 2 ,...Xj^ as rows. Let A* denote column of this array; A* = 

represents transpose operation. Let denote inner— product between A‘ and A^; 

.. M ^ 

C^'’ = E (x .X .). Then we can rewrite (E.5) as 

- mi mj' ' ^ 

m=l 

MM ^ L L 

: fov^ 

mn 


s E|O^(0)l =s S|C"|- 

m=l n=l i=l jz=l 


(E.6) 


Retaining only the terms which for which i = j, (E.6) can be bounded by 


MM L , 

E E |C^(0)|2>E |C“i2 

m=l n=l i=l 


(E.7) 


For the bound (E.7) to be equality if and only if C*'’ = 0 whenever i#j or , equivalently, if and only if the 
columns of A are mutually orthogonal. Now Lemma A.l can be used to lowerbound the RHS of (E.7), thus 
we have 


MM L .. 

£ £ |0„(o)l“>4-<!: I0 I) 

m=l n=l i=l 


(E.8) 


Since is the energy of the i^^ column, from Lemma E.l, the bound (E.8) is an equality if and only if 
equality holds in (E.7) and columns of A have the same energy. The total energy of the terms in A can be 
written as 


L .. M 

S 1C"1= SIC (0)1=ME 


(E.9) 


i=l m=l 

since, by hypothesis, each of the M rows of A has energy E. Then using this equation in (E.8) gives 


Welch’s bound. □ 
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